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Abstract

We present a mathematically rigorous quantum-mechanical treatment
of a one-dimensional nonrelativistic motion of a particle in the potential
field

Viz) =gz ' +gox % z€Ry = [0,00) .
For g > 0 and g1 < 0, the potential is known as the Kratzer potential
Vi (z) and is usually used to describe molecular energy and structure,
interactions between different molecules, and interactions between non-
bonded atoms.

We construct all self-adjoint Schroédinger operators with the poten-
tial V(z) and represent rigorous solutions of the corresponding spectral
problems. Solving the first part of the problem, we use a method of spec-
ifying s.a. extensions by (asymptotic) s.a. boundary conditions. Solving
spectral problems, we follow the Krein’s method of guiding functionals.
This work is a continuation of our previous works devoted to Coulomb,
Calogero, and Aharonov-Bohm potentials.

1 Introduction

In this article, we present a mathematically rigorous quantum-mechanical (QM)
treatment of a one-dimensional nonrelativistic motion on a semiaxis of a spinless
particle of mass m in the potential field

V(z) =gz + goz™2, s € Ry = [0,00) . (1)

On the physical level of rigor, the Schrodinger equation with potential (1) was
studied for a long time in connection with different physical problems, see for ex-
ample [3, 7] and books [10, 8]. In particular, this potential enters the stationary
radial Schrédinger equation
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Figure 1: Potential V(z) = g12~! + goz~
—go =1 (solid) and g; = —go = —1 (thick).

, with g1 = go = 1 (dashed), g1 =

where n and [ are radial and angular quantum numbers, after separating spher-
ical variables in three-dimensional spherically symmetric QM problems, see e.g.
[8]. The potential (1) is singular at the origin, it is repulsive at this point for
g2 > 0, and has a minimum at a point x¢g > 0 for go > 0 and g; < 0. The
potential with g1, g2 in the latter range is known as the Kratzer potential [1].
The Kratzer potential is conventionally used to describe molecular energy and
structure, interactions between different molecules [5], and interactions between
nonbonded atoms [2]. For go < 0 and g1 > 0, we have the inverse Kratzer
potential which is conventionally used to describe tunnel effects, scattering of
charged particles [11] and decays, in particular, molecule ionization and fluores-
cence [4]. In addition, valence electrons in a hydrogen-like atom are described in
terms of such a potential [9]. When modeling some physical systems, a constant
is usually added to the angular momentum term, [({+1) — S+ 1(I+1), in
order to take some effective potential energy into account. For example, in the
model of a molecule interaction, 5 can represent the dissociation energy of a
diatomic molecule [5] or, in the scattering problem, this parameter represents
attractive (8 < 0) or repulsive (§ > 0) interactions between charged particles
[11].

In Figure 1 we show the shape of the potential under consideration for dif-
ferent values of the parameters.

Even though a number of works was devoted to the QM problem with the
potential (1), a rigorous mathematical analysis of this problem is lacking in
the literature. The aim of such an analysis (which is, in fact, the aim of the
present article) is to construct all self-adjoint (s.a. in what follows) Schrédinger
operators (Hamiltonians) with the potential (1) and present rigorous solutions
of the corresponding spectral problems.

When solving the first part of the problem, we use a method for specifying
s.a. differential operators by (asymptotic) s.a. boundary conditions (the so-



called alternative method, see [12]). When solving spectral problems, we follow
the Krein’s method of guiding functionals, see [14] and books [15]. This work
is a continuation of our previous works [24, 25] devoted to Coulomb, Calogero,
and Aharonov-Bohm potentials; using the given references, the reader can be-
come acquainted with necessary basic notions and constructions, like guiding
functional and Green function.

As in the above-mentioned works, we start with a s.a. differential operation
HonR,,

H=—d} + g + g2, (3)

and examining solutions of the corresponding homogeneous differential equation
(H-W)y =0, or

,(/// - (911'71 +92x72 - W)Il/] = Oa W= |W‘ei¢7 0 S p < 27 ) (4)

which is the Schrodinger equation (with omitted factor 2m/hA?) with a complex
energy W, for ImW = 0, we write W = F in what follows.

The basic operator Ht in L2 (R, ) associated with H is defined on the nat-
ural domain' D% (Ry) C L* (Ry),

D;[ Ry) = {1/1*(@ : ¢*>¢; area.c. in R; ’L/)*,ﬁﬂ)* eL? (R+)} ) (5)

it is the adjoint of the so-called initial symmetric operator H associated with H
and defined on the dense domain Dy = D (R.), the space of smooth functions
with a compact support,

D(Ry) ={¢(z) : ¢ € CF(Ry), suppy C [, ] C (0,00)} (6)

it is evident that D (R}) C D} (R4) and H c H*. The operator Htis gener-
ally not self-adjoint and even not symmetric; its quadratic asymmetry form is
denoted by Ay+. All possible Hamiltonians associated with H are defined as
s.a. restrictions of H*, which simultaneously are s.a. extensions of the symmet-
ric H, the restrictions to some subspaces (domains) belonging to Dy (Ry) and
specified by some additional (asymptotic) s.a. boundary conditions on func-
tions belonging to D7, (Ry) under which the asymmetry form A+ becomes
trivial (vanishes); these domains are maximum subspaces in D7 (Ry) where

the operator H is symmetric? (see [12]). Our first aim is to describe all these
Hamiltonians. The special case of g1 = 0 corresponds to the Calogero potential
and was already considered in [24], we therefore keep g1 # 0 in what follows.
This paper is organized as follows. In sec. 2 we present and discuss some
exact solutions of equation (4) and their asymptotics. In the following five
sections, we construct all s.a. extensions of H , and perform the corresponding

la.c. means absolutely continuous.

2 Although the notions “s.a. extension of HT” and “s.a. restriction of H ” are equivalent;
it is more customary to speak about s.a. extensions; we use one or another of the equivalent
notions where appropriate.



spectral analysis of the Hamiltonians for different ranges of the parameter gs.
In secs. (3.1-3.4), we consider the case of go # 0. The special case of g5 = 0
is considered in sec. 3.5. In sec. 4, we highlight some remarks and possible
applications of the obtained results.

2 Exact solutions and asymptotics

We first consider the Schrodinger equation (4). Introducing a new variable z
and new functions ¢4 (z) instead of the respective x and ¢ (z),

2= Az, A=2V—W = 2y/[W[e’?=™/2 y(z) = 2/ *Fre/2¢, (2) |
M:{ g2 +1/4, go > —1/4 (7)

ise, = /|g2| — 1/4, g2 < —1/4

we reduce eq. (4) to the confluent hypergeometric equations for ¢ (z),

2d2¢4 (2) + (B — 2)d24(2) — axgs(z) =0,
aizl/QiM+gl/)‘7 Bi:1i2/’[’a (8)

their solutions are the known confluent hypergeometric functions ®(ay, f+; z) and
U(ag,fy;2), see [18, 19].

Solutions v (x) of eq. (4) are restored from solutions of egs. (8) by transfor-
mation (7). In what follows, we use wuy(x; W), ua(x; W), and vy (z; W) defined
by

(51 (x; W) = $1/2+“e_z/2¢’(a+aﬁ+§ z) = uy (x; )|,\H )
ug (2 W) = 2271 *2®(a, B3 2) = uz (x; W)|y__y = w1 (x5 W)

L=2p) - TCw
o) " Tlap) "

The function wusis not defined for = = —n, or p = (n+ 1)/2,n € Z4, in
particular, for 4 = 1/2. For such p, we replace us by other solutions of eq. (4),
they are considered in the subsequent sections.

The coefficients of the Taylor expansion of functions uy (x; W)/2z'/?*# and
ug(z; W) /2t/2~# with respect to 2 are polynomials in X\. Because these functions
are even in A, the coeflicients are polynomials in W, whence it follows that
uy (x; W) and usg (x; W) are entire functions in W at any point = except x = 0
for ug with p > 1/2.

If go > —1/4 (1 > 0), then uy (z; W) and ug (z; W) are real-entire functions
of W. If g5 < —1/4 (= i), then us (z; E) = u; (v; E).

The pairs u1,us with g # 0and uy,v; for ImW # 0 are the fundamental
systems of solutions of eq. (4) because the respective Wronskians are

p——p

9)

or (55 TW) = Nl He2 20 oy, B 2) = A

Wr (ug,u2) = =2, Wr (u1,v1) = —T(84)/T(ay) = —w(W) . (10)



The well-known asymptotics of the special functions ® and W, see e.g. [18],
entering solutions (9) allows simply estimating the asymptotic behavior of the
solutions at the origin, as x — 0, and at infinity, as x — oo.

As z — 0, we have

u(z; W) = /151/2_“u1a5(:1:) + O(x3/2+“),
O(a®271), —1/4 < gy < 3/4, go #0,
ug(x;W):nal/QJr”ugaS(x)—k O<p<l,u#1/2) ,
O(a3/2), ga < —=1/4 (n = ix)

(11)
and, if oy # —n, a_ # —m, n,m € Z,
FOMl /2114 O(x), g2 >3/4 (n>1)
N g P s (1) + e g P uzas () + (),
vi(z; W) = ~1/4< g < 31/42,912 #£0(0<p<lp f %/2)
N2 L2 o Uy (@) + P g T e () + O(/?),
ga < —1/4 (p=1ix)
(12)
where
Uras(w) = (rox) /20,
(HQZ)1/27“ - %(%@szﬂ, _1/4 <g2 < 3/47 g2 7é 07
U2as($): (0<M<17/1'7é1/2) s
(kox) /27 gy < —1/4 (1 = i3)
(13a)

and kg is an arbitrary, but fixed, parameter of dimension of inverse length.
As z — oo, ImW > 0, we have

F 1/2 .
uy(x; W) = thﬁli% )\a+—5+mg1/z\e—2/2(1 + O(ac_l)) — O(a;ae\Wl / Sln(sD/Q)) ,

vy (W) = A" 279 e 2 2(1 4 0>z 1)) = O(JL‘_ae_WVll/2 sin(/2))
a=2"HW|"Y2gsin(p/2) .

The obtained asymptotics are sufficient to allow definite conclusions about
the deficiency indices of the initial symmetric operator H as functions of the
parameters g1, g2 and thereby about a possible variety of its s.a. extensions.
It is evident that for Im W > 0 the function wu;(x; W) exponentially increasing
at infinity and is not square-integrable. The function v (z; W) exponentially
decreasing at infinity is not square-integrable at the origin for go > 3/4 (u > 1),
whereas for go < 3/4, it is (moreover, for go < 3/4, any solution of eq. (4) is
square-integrable at the origin). Because for InW > 0, the functions wuj,vq
form a fundamental system of eq. (4), this equation with ImW > 0 has no



square-integrable solutions for go > 3/4, whereas for go < 3/4, there exists one
square-integrable solution, vy (z; W). This means that the deficiency indices of
the initial symmetric operator H are equal to zero, my = 0, for go > 3/4 and
are equal to unity, my = 1, for go < 3/4.

Correspondingly for go > 3/4, there is a unique s.a. extension of H, whereas
for go < 3/4, there exists a one-parameter family of s.a. extensions of H. A
structure of these extensions, in particular, an appearance of their specifying
asymptotic boundary conditions, depends crucially on a specific range of values
of the parameter go. In what follows, we distinguish five such regions and
consider them separately.

3 Self-adjoint extensions and spectral analysis

3.1 The first range g, > 3/4 (> 1)

As was mentioned above, the deficiency indices of the initial symmetric operator
H with goin this range are zero. This implies that for g, > 3 /4, the operator
H* is s.a. and H; = H' is a unique s.a. extension of H with the domain
Dy, = Dy (Ry) (5).

A spectral analysis of the s.a. operator H, =H" begins with an evaluation
of its Green function G (x, y; W) that is the kernel of the integral representation
of the solution v, (z) of the inhomogeneous differential equation

(H = W) . (z) = n(z), n(z) € L*(Ry) (14)

with Im W # 0 under the condition that 1. € D}, (Ry), i.e., that ¢, is square-
integrable?, ¢, (x) € L2(Ry) (see [24, 25]). The general solution of this equation
without the condition of square integrability can be represented as

Ui () = arur (x; W) + agur (s W) + I(z; W)
Ui(z) = aruy (2 W) + apvf (z; W) + I'(2; W) (15)

where

(W) = / GO (2, W) n(y)dy + / GO (e, 5 W) nly)dy |

I'(x; W):/ d, G (,y; W)n(y)dy+/ d, G (2, y; W) n(y)dy |
0 x

G (2, y; W) = w™ (W)vr (s W)u (y; W)

G (2, y; W) = w™ (W)ua (a5 W)vr (y; W)

with w given in (10). Using the Cauchy-Bunyakovskii inequality, it is easy
to show that I(z; W) is bounded as * — oo. The condition . (z) € L*(Ry)

3We note, that D}‘y (R4) can be considered as the space of unique square-integrable solu-
tions of eq. (14) with ImW # 0 and any n(z) € L?(Ry).



then implies that a; = 0, because u; (z; W) exponentially grows while vy (a; W)
exponentially decreases at infinity. As x — 0, we have I(x) ~ O(23/2), I'(x) ~
O(z'/?) (up to the logarithmic accuracy at g, = 3/4), whereas vy (z; W) is not
square-integrable at the origin. The condition ¥, (z) € L?(R ) then implies that
as = 0. In addition, we see that the asymptotic behavior of functions . (x)
belonging to D7, (R4) at the origin, as  — 0, is estimated by

Yu(z) = 0(a?), Yl (z) = O('/?) . (16)

Together with the fact that the functions 1, vanish at infinity (see below), this
implies that the asymmetry form A+ is trivial, which confirms that in the first
range the operator HT is symmetric and therefore self-adjoint (in contrast to
the next ranges considered in the subsequent sections).

It follows that the Green’s function is given by

GH) (z,y; W), x>y

G @y W) :{ GO (z,y; W), <y

The representation (9) of the function vy in terms of the functions u; and
ug is inconvenient sometimes, because the individual summands do not exist
for some p although v; does. For our purposes, another representations are
convenient. For m — 1 < 2u < m + 1, m > 2, the function vy (z; W) can be
represented as

v1(z; W) = Ay, (Wug (2, W) + w(;:LV) U(my (25 W),
_y2ul(=2p) L2p)I(6-)
A'ITL(W) =A F(a_) WL(W) F(a+) )
Vi) (23 W) = u (25 W) — 4 (W)T (B2 )ur (2; W)
am(W) = )\mm, Oy, = lthm +gl/)\ .

Tt is easy to see that all the coefficients a,, (W) are polynomials in W which are
real for InW =0 (W = E). In view of the relation

-1 2" (a+n+1)

lim T'(8)®(a, B;x) =

G, D) 2le f2) = —2 =35m0

(see [19, 18]), the functions vy, (z; W) and A, (W) exist for m—1 < 2u < m+1

and for any W. In fact, v(,,)(z; W) are particular solutions of eq. (4) which are
real-entire in W and have the properties (for m — 1 < 2u < m + 1)

Sla+n+1,n+2;z)

Wr(ulav(m)) = —2p, U(m)(x; W) = x1/2—M(1 +0(z)), 2 —0.

As a guiding functional, we take

wew) - [ C U We@)dr, €€ D= D.(R)N Dy, . (17)



where U (z; W) = uy (z; W) and D,.(Ry.) is the space of arbitrary functions with
a support bounded from the right: ¢ (z) € D, (Ry) = supp¢ C [0,4], 8 < o0;
the domain D is dense in L?(Ry). The functional ®(&; W) (17) is a simple
guiding functional, i.e., it satisfies the properties: 1) for a fixed £, the functional
®(&; W) is an entire function of W; 2) if ®(&y;Ep) = 0, ImEy = 0, § € D,
then the inhomogeneous equation (H — Ep)y = & has a solution ¢ € D; 3)
O(HEW) = WO(E;W). Tt is easy to verify the properties 1) and 3), and it
remains to verify that the property 2) also holds. Let

b
D(&o; Ep) :/ w1 (z; Ey)éo(z)dx = 0, & € D, suppép € [0,5] . (18)
0
We consider the function ¢(x) defined by

b T
P(z) = i lul(m; Eo)/ v(m>(y;Eo)£o(y)dy+v(m)(x;Eo)/O u1(y; Eo)éo(y)dy

(19)
that evidently satisfying the equation (H — Ep)y(z) = &(x). Using condition
(18), we obtain that suppwy € [0,b], i.e., ¥ € D,.(R,), and therefore, ¢ € L?(c,b)
for any ¢ > 0. With taking the asymptotic behavior of functions wu;(x; Ep),
V(m) (%5 Eo), and &o(z) at the origin into account, a simple evaluation of the
integrals in representation (19) gives:

O(z'/*"), 1< <3
P(z) =4 O™?Iné), p=3 ,x—0,
O(z"/?), p>3

i.e., ¥ € Dpy,, and therefore, ¢ € D.
The derivative of the spectral function is given by

o'(B) =7 'Im [w™ ' (E 4 i0)A,, (E +140)] . (20)

Because w1 (W)A,,(W) is an analytic function of y, its value at u = m/2
is a limit as u — m/2. For u # m/2, representation (20) can be simplified to

_AD(=20)(ay)
(o )T(B:)

For E=p*>>0,p>0, A= 2pe"/2 we find

|F(a+)|>2 (2p)2rem91/2p
L'(By) 2w

We see that o/(E) is a nonsingular function for £ > 0. It follows that the

spectrum of the s.a. Hamiltonian H; is continuous for all such values of E.
For E = —72 < 0, 7 > 0, A\ = 27, the function Q(E) is real for all values

of E where Q(FE) is finite, which implies that Im Q(F + ¢0) can differ from zero

o'(E) = Im Q(E + i0), QW)

o (E) = < >0. (21)



only at the discrete points E,, where 1/ Q(E, ) = 0. It is easy to see that the
latter equation is reduced to the equations a4 (F,) = —n,n € Z,, which have
solutions only if g; < 0, and the solutions F,, are then given by

En=—g1+2u+2n)2, 1 =|g| (1 4+2u+2n)"" . (22)

We thus obtain that for E < 0, the function ¢’(E)is equal to zero if ¢ > 0,
whereas if g1 < 0, this function is given by

> 27, )WY 7, D(1 +2u +n)
d(E)=)Y Q*(E-E, ,an( ~ -
)= 2 QBB T(5) oa] 7!
The final result of this section is as follows.
For go > 3/4 (1 > 1), the spectrum of a unique s.a. operator (Hamiltonian)
H, is simple and given by

4 S RJM g1 >0
SpeCHl o { RJr U{E'ru}v g1 < 0

For g1 > 0, its generalized eigenfunctions Ug (z) = y/o/(E)ui(x; E), E > 0,
form a complete orthonormalized system in L?(R, ). For g; < 0, the generalized
eigenfunctions Ug (z) = /o'(E)ui(z; E), E > 0, of the continuous spectrum
and the eigenfunctions U, (x) = Qnui(x; Ey,), n € Z,, of the discrete spectrum
form a complete orthonormalized system in L?(R.).

3.2 The second range 3/4 > go > —1/4, g2 # 0 (1 > p >
0, p#1/2)

We note that in this section, we consider the range 3/4 > g5 > —1/4 excluding
the point g2 = 0 (u = 1/2), the reason is that the function uz we use here is not
defined for g = 1/2. The case g2 = 0 (u = 1/2) is considered separately in the
last subsection.

The operator H* with g2 in the second range is not s.a., and we must
construct its s.a. reductions. In accordance with the general procedure of the
alternative method, see [12] and also [24], [25] for examples, we begin with
evaluating the quadratic asymmetry form Ag+ in terms of quadratic boundary
forms, which are determined by the asymptotics of functions ¥.(x) belonging
to the natural domain D}, (Ry) at the origin (the left boundary form) and at
infinity (the right boundary form). Because the potential vanishes at infinity,
the right boundary form is trivial (zero)!, see [12], and the asymmetry form
Ajr+ is reduced to (minus) the left boundary form. To determine an asymptotic
behavior of functions v, at the origin, we consider these functions as solutions
of the inhomogeneous eq. (14) with W = 0. Because in the range under

4Moreover, we can prove that . vanishes at infinity together with its derivative,
xTr— 00

¥u (@), Pl(x) "— 0.



consideration, any solution of the homogeneous eq. (4) is square-integrable at
the origin, the general solution of eq. (14) with W = 0 can be represented as

Yy () = aguq(x; 0) + agua(zx;0)

_ i ) [ur (25 0)uz(y; 0) — ua(z; 0)u (y; 0)] n(y)dy - (23)
0

The asymptotic behavior of the functions w; and us in representation (23)
as * — 0 is given by (11) and (13a), the asymptotic behavior of the integral
terms is estimated using the Cauchy-Bunyakovskii inequality, and we find

Vu(T) = a1U1as(T) + atizas(z) + O(z*/?) |
7/);(1:) = alu,las(‘r) + aQu/Zas(x) + O(.TI/Z) . (24)

With these asymptotics, we calculate the left boundary form [i).,.](0) =

limg,_o(—%, (z)Y, (x)JrE; (z)¥s(x)) and obtain a representation of the quadratic
asymmetry form as a quadratic form in the coeflicients a; and as in (24):

AH+ (1/)*) = —Qﬂko(ﬂag — Tzal) .

The coefficients aj, as are called the (left) asymptotic boundary (a.b.) coeffi-
cients®. The requirement on the a.b. coefficients that A j+vanish results in the
relation’

agsinv =aycosv , v e S(—n/2,7/2) , (25)

between these coefficients. It follows that the quadratic asymmetry form Ag+
becomes trivial on the subspaces of D% such that the a.b. coefficients of func-
tions 1. (z) belonging to DY, satisfy relation (25) with fixed v. These subspaces
are just the domains of s.a. restrictions of H*, and relation (25), with fixed v,
defines the asymptotic boundary conditions specifying these s.a. operators.

We thus obtain that for each go in the second range, there exists a family
of s.a. Hamiltonians figw parametrized by the parameter v on a circle with the
domains Dy, that are the subspaces of functions belonging to D} (R;) and
having the following asymptotic behavior at the origin, as x — 0,

Y(x) = CP™(z) + O(z?) | ¢/ (z) = CY™'(x) + O(«'?) |
() = uras(kox) Sin v + ugas (2, ko) cos v . (26)

The spectral analysis of I—flg,y is similar to that for H 1 in the previous section,
the difference is that the function vi(x; W) is now square-integrable at the
origin and we must take asymptotic boundary conditions (26) into account. To
evaluate the Green’s function for ﬂ-gy, we take the representation (15) with

5The inertia indices of the quadratic form (1/2iuro)A4 are 1,1, which confirms the previos
assertion in sec. (2) that the deficiency indices of H are m4 = 1, see [12].
6Here and in what follows we use the notation S (a,b) = [a,b], a ~ b.

10



ay = 0 for ¢, (z) belonging to D, ,, boundary conditions (26), and asymptotics
(11), (13a) then yield

2w o D20k

[(ory) (o)

as = kofz“w*l(W) [
X cosu/ v (z; Wn(z)dz .
0

Representing the function vy (z; W) in the form

vi (@3 W) = (21) " g AN o, (W Yz, (3 W) -+ iy (W )i, ;W)
ug,(z; W) = k(l)/QﬂLul(m; W)sinv + ké/%”uQ(x; W)cosv ,

Uo,(z; W) = —ké/H“ul (x; W) cosv + ké/%“uQ(Jc;W) sinv ,

wo, (W) =w(W)(A/ ko) #sinv + ()\/ko)“gég_; cosv ,
W2, (W) = w(W)(A/ko) H cosv — (A/ko)* ll:(i_i sinv ,

where w is given in (10), the functions us , (z; W) and g , (z; W) are real-entire
in W solutions of eq. (4) and ug , (z; W) satisfies boundary condition (26), we
obtain the Green function

Gz, y; W) = (2uko) "' QW )us,, (z; W)ua, (y; W)
1 Go,p(z; Wu o (y; W), >y
[ oy -

+

2/1,]€0 UQ,V( )ﬂQ,y(?ﬁ W)v Tz < ) ’

)

where
QW) = wy ,(W)@2,, (W) . (28)

We note that the second summand in (27) is real for real W = E.

As a guiding functional we take the functional ®(£; W) given by (17) with
U(x;W) = ug,(x; W) and £ € D = D.(Ry) N Dy, ,. The domain D is dense
in L?(R,), D = L?(Ry). Following the procedure of the previous section, we
show that ®(&; z) is a simple guiding functional, i.e., satisfies the properties 1)-
3) cited in subsec. 3.1. It is easy to verify the properties 1) and 3). We prove
that the property 2) also holds. Let

b
D (&o; Eo) =/ u2,, (23 Eo)éo(x)dx =0, & € D, suppép € [0,0] . (29)
0

We consider the function

1
2k

b x
Y () [w,u(ﬂc;Eo)/ ﬂz,u(y;Eo)fo(y)dy+ﬂz,u(x;Eo)/O U2,u(y;Eo)€o(y)dy] ,
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which is a solution of equation
(H — Eo)¢(z) = &(x) -

Using condition (29), we obtain that suppy € [0,b], i.e., ¥ € D,.(Ry), and
therefore 1) € L?(c,b) for any ¢ > 0.
The function t(x) allows the representation

() = cun (5 Eo) + T, (w3 Bo) | a o En)éolu)dy
0
T b
@i Bo) [ il EOS @y, ¢ = g [t B0y . G0

Using the asymptotics of functions us ,, (z; Ey), @2, (z; Eo), and &y () and simple
estimates of the asymptotic behavior of the integral terms at the origin, we
obtain that the asymptotic of ¢(x) at the origin is given by

P(z) = cug,(z; Ey) + O(x‘r’/%“)7 z—0,

which implies that ¢ € Dp, , and therefore ¢ € I.
The derivative of the spectral function reads

o' (E) = (2mpko) ' Im Q(E + i0) .

It is convenient to consider the cases |v| < 7/2 and v = 7 /2 separately.
We first consider the case v = /2 where we have

U /21 W) = kg >y (2 W),

L(B-)T(aq ) (A ko)
2mpkol (B4)T ()

For E=p%>>0,p>0, A= 2pe /2 we have

o' (E) = Im Q(E + i0), QW) = —

b ID(ap)? (2p/ko)Hemor/2p
o (E) = Ta5,) ko ’

such that o'(E) is finite and specH, ./, = Ry.

For E = —712 <0, 7 > 0, A = 27, the function Q(FE) is real for all values of
where Q(E) is finite, which implies that Im Q(F + i0) can differ from zero only
at the discrete points E,, where 1/ Q(FE,) = 0. The latter equation is reduced
to the equations a_(E,) = —n,n € Z4, (I'(ay) = o0) or

1420+ g1/7n =—2n, neZ, . (31)

Egs. (31) have no solutions for g; > 0 and for g; < 0 we have (we will denote
the points of discrete spectrum for v = +x/2 by &,)

|g1| g _ 2 g%

Tlt2uton M T T T2+ 2n)?

n ’
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such that we obtain

(27,)0 kg 2T [ T(1 4 20 4 )
T(By) (142p+2n)n!

It is easy to see that for the case of v = —7/2, we obtain the same results
for spectrum and eigenfunctions as it must be.

The final result for the Hamiltonian H'Q,iﬂ /2 is as follows. Its spectrum is
simple and given by

o'(B)=> QI(E—£,), Qn=
n=0

R-H gl>07

specHy 4r/2 = { RyU{&, n€eZi}, g1 <0’

and the complete orthonormalized system of its eigenfunctions in L?(R,) is
given by

Ug (z) = /o' (E)ky* ™ ui(2; E), E>0,
21—u|5n|3/4—u/2

Unle) = gy Vinea(mién)

. _{ I 1+n)l(l+n—2u), 0<pu<1/2

T=1 242 +n—2u), 1/2<p<1 @ WEL

for g1 > 0, and by
Ug (z) = mké/%”ul(x;E), E>0,
Un(e) = Quhe*'ur (2:£)
for g1 < 0.
Now, we turn to the case |v| < w/2. In this case we have
o' (E) = (27 pko cos® 1/)71 Im FQ_V1 (E +10) ,

Fo,(W) = fo(W) + tanv, fo(W) = T(B-)T (o) (A ko) _

I'(B)r(a-)
For E=p%>0,p>0, A\ =2pe /2, we have
B(E)
"(E) = 2
o'(E) 27kg cos? V[A2(E) + u?B?(E)] ’ (32)
where A(E) = ReF,,(E) and puB(E) = —ImF; ,(E). A direct calculation
gives
_ M'F(a+)|2(2p/k0)2u —mg1/2p wg1/2p
A(E) = T2(3, ) sin(27 1) (e cos(2mp) +e ) +tanwv ,
[T (o) [*(2p/ ko) e 91 /2P
B(E) = >0. 33
() b (33)
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For E = —12 < 0, 7 > 0, A\ = 27, the function Fy,(F) is real, there-
fore, o/(E) can differ from zero only at the discrete points F,(v) such that
F>,(E,(v)) =0, or fo(E,(v)) = —tanv, and we obtain that (derivatives with
respect to E are denoted by primes in eq. (34))

o'(B) = [~2ukoF} , (En(v)) cos?v] " 6(E — E,(v)) |

n

F} (En(v)) = f3(En(v)) <0, 0,E,(v) = —cos™ v [f3(En(v))]”

I.Let g1 >0
For E = p? > 0, p > 0, the function ¢/(E) (32) is a finite positive function.
At E =0, we have B(0) = 0 and

AO),—y, =0, tanvo = —T(B-)(g1/ko)* T~ (B4) -

'S0, (34)

It is easy to see that
Fy, (W) =tanv — tanvg — (2uk0 cos® 1/0)71 U2W +O(W), W —0,

v - 91lg1/ko)™" 301+ 2p)
14 COS Vg 2ko(1 4+ 2u)T(2 — 2u)

It follows that for v # vy, the function ¢/(F) is finite at £ = 0. But for v = 1y
and for small FE, we have:

o (E) = f%qﬂ Im (E 4 i0) "' + 0(1) = ¥*§(E) + O(1) ,

which means that there is the eigenvalue £ = 0 in the spectrum of the s.a.
Hamiltonian Hs .
For E = —72 < 0, A = 27, the function fy(FE),

L) Id/2+p+ 91/27) (27 /Ko )
L(B4) [(1/2 — p+g1/27) ’

has the properties: fo(E) is smooth function for £ € (—00,0), f2(E) — oo as
E = —o0, f5(0) = —tanwy. Because f3(E,,) < 0, see eq. (34), the straight
line f(F) = 2utanv, E € (—00,0], can intersect the plot of the function fo(FE)
no more than once.

That is why the equation Fj,(E) = 0 has no solutions for v € (vy,7/2)
while for any fixed v € (—7 /2, 1], this equation has only one solution E(7) (1) €
(=00, 0], which increases monotonically from —oo to 0 as v changes from —7 /24
0 to vg.

We thus obtain that the spectrum of Hy,, |[v| < /2, with g; > 0 is simple
and given by

fa(E)

R, U{EC) ()}, v € (—7/2, 0]

specHz,, = { Ry, v e (v,n/2)orv=+m/2 (35)
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The generalized eigenfunctions
Ug(x) =o' (E)us(z; E), E>0,
and (for v € (—7/2,1p]) the eigenfunction

Unl) = Ul) = [~2uko 4, (O () cos® ] e

U2, (x;E(_) (V))
of PAIQ’,,, form a complete orthonormalized systems in L?(R ).

II. Let g; < 0. Then:

For E =p?> >0, p >0, A = 2pe”"™/2 formulas (32) and (33) hold true.
Because the functions A(F) and B(FE) are finite at E = 0 (B(0) # 0), the
function ¢’(F) (32) is a finite positive function for £ > 0. This means that for
E > 0, the spectra of s.a. Hamiltonians ﬁva are simple, purely continuous, and
given by specHQ,y =R,.

For E = —72 <0, 7 >0, A\ = 27, we have

_ D) T(1/2+ p— lg1l/27) (27 /ko)**
I'(84) L(1/2 = p—|gl/27) '

It is easy to see that for fixed v, the spectrum is bounded from below and
the equation F» ,(F) = 0 has infinite number of solutions

fo(E)

E, (v) = —gi /4n* + O(n™?) , (36)

asymptotically coinciding with (22) as n — oo.

We thus obtain that the spectrum of Hy,,|v| < 7/2, with g; < 0 is sim-
ple and given by specﬂg’l, = Ry U{E, (v)}. The corresponding generalized
eigenfunctions of the continuous spectrum

Ug(x) =o' (E)us,(z; E), E>0,

and eigenfunctions of the discrete spectrum
Un(z) = [-2ukoF3 ,(E, (v)) cos® V]71/2 us,(z; En (v)), En(v) <0,

of I:Ig,l, form a complete orthonormalized system in L?(R).

It is possible to give a comparison description of the Hamiltonians H. 20, V] <
/2 in more detail.

The function fo(F) has the properties: fo(F) — coas E — —oo; fo (€, £0) =
+o00, n € Z,. Taking the third equality in (34) into account, we can see that:
in each energy interval (£,-1,&,), n € Z4, for a fixed v € (—n/2,7/2), there
are one discrete level E,(v) which increases monotonically from &,_1 + 0 to
&n — 0 when v changes from 7/2 — 0 to —7/2+ 0 (we set £_; = —o0). We note
that the relations

lim E, (v) = lim/2 E,ii(v)=&, neZ,y,

v—1/2 v——T
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confirm the equivalence of s.a. extensions with parameters v = —n/2 and
v=m/2.

We note that it is possible to find the explicit expressions for spectrum,
spectral function, and the complete orthonormalized system of (generalized)
functions of the s.a. Hamiltonian for v = 0. In this case, results are the same
as in the first range (g2 > 3/4) with additional change u — —p. One can easily
verify that such calculated spectrum coincide with the spectrum {E,, (0)}.

It should be also pointed out that bound states exist even for the repulsive
potential, go,g1 > 0, see the dashed line on the Figure 1.

3.3 The third range g, = —1/4 (1 =0)

The analysis in this section is similar to that in the previous one, a peculiarity
is that oy = a— = a =1/2+ g1/\, By = - = 1, ug (s W) = ug (5 W),
and representation (9) of vy (z; W) in terms of u; and us does not hold. As the
solutions of eq. (4) with go = —1/4, we therefore use the functions wu;(x; W),
uz(xz; W), and vy (z; W) respectively defined by

uy (z; W) = x1/2e_z/2<1>(04, L z) = uy (s W)y »
0
ug (z; W) = z1/2e*z/287M [2"®(1/2+ p+g1/N1+2p;2)],_o +ur (z; W) Inkg |

v (g W) = x1/2efz/2\11(04, 1;2) = I‘*l(a) [wo(W)ugo) (; W) — us (x; W)] ,
wo(W) =2¢(1) — ¢(a) —In(A/ko), a=1/24+g1/X,

where ¢¥(a) = I"(a)/T'(«) and kg is a constant. The functions u; (x; W) and
ug (z; W) are real entire in .
The asymptotic behavior of these functions at the origin and at infinity is
respectively as follows.
Asz — 0, z= Az — 0, we have
ur(z; W) = kg Putas(x) + O(@*?), wras(z) = (koz)'/?
ug(x; W) = ko_l/QU3aS(x) + 0232 Inx), usas(x) = (koz)*?In(koz) ,
v1 (2 W) = kg 2T (@) [wo (W)uias () — usas (2)] + O(@*2Inz) . (37)
As x — oo, ImW > 0, we have
uy(x; W) = D™ Ha) A Lg91/Ae?/2 [1+0(z "] = o0,
vy (W) = A" =91/ Aem2/2 1+0@"] —o0. (38)

The functions u; and ugz are linearly independent and form a fundamental
system of solutions of eq. (4), as well as the functions u; and vy for Im W # 0,
see sec. 2,

Wr (ug,us) =1, Wr(ug,v1) = T (o) .
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We recall that, for go = —1/4, the deficiency indices of the initial symmetric
operator H are m4 = 1, and therefore there exists a one-parameter family of
s.a. extensions of H with go = —1/4, see sec. 2.

To evaluate the asymmetry form in terms of a.b. coefficients, we need to
determine the asymptotics of functions 1, belonging to the natural domain
D’;I(RJF) at the origin. To this end, we use representation (23) of the general
solution of eq. (14) with W = 0 where the natural substitutions agus — asus
and us /21 — —ug must be made. Using the Cauchy-Bunyakovskii inequality for
estimating the integral terms, we obtain that the desired asymptotic as © — 0
is given by

V() = a1U1as () + a2usas(z) + 0232 Inz) |
w;(.’ﬂ) = alu,las(x) + a’2u2/3as(x) + O(.’El/2 hliL') )

and we find” Ag+(¥.) = ko(@ras — Gzay), the coefficients a1, as are just a.b.
coefficients. The requirement that A g+ vanish results in the relation

aj cosY = agsind, ¥ € S(—n/2,7/2) .

This relation with fixed ¢ defines the domain of a possible Hamiltonian as a s.a.
restriction of H, or a s.a. extension of H.

The final result is that: for go = —1/4 | there exists a family of s.a. Hamil-
tonians Hs g with the domains

Dy, , = {¢: ¢ € D5(Ry), ¢ satisfies (39)} ,
where (39) are the asymptotic s.a. boundary conditions at the origin

¥ = Oy pas () + O Inw), ¥ = Ol yos(2) + Oz Ina) & — 0,
w?),ﬂas(x) = Ulas (x) sind + U3as (l‘) cosv . (39)
To evaluate the Green’s function G(z,y; W) for ﬁg,ﬁ, we take the represen-

tation (15) with a; = 0 for v.(x) belonging to Dp, , C D% (Ry), boundary
conditions (39) and asymptotics (37) then yield

o0
ay = —T%() cos ¥ [wo (W) cos® + sin 9] ' / v1(z; W)n(z)dx .
0
Using the representation
I'(a)vr = (wosind — cosP)ug.g + (wo cos ¥ + sin )iz g ,

ug,o(z; W) = ug(x; W) sin® + ug(x; W) cos v,
Ug9(x; W) = uy(x; W) cos ¥ — ug(z; W)sind ,

7This structure of A+ confirms the previos assertion that the deficiency indices of H are
m4 = 1.
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where u3 g and i3y are solutions of eq. (4) real-entire in W, and ug y satisfies
boundary condition (39), we find

G(‘T Y3 ) Qw )US 19(‘:6 W)ud ﬁ(ya W)

(W
U319(IE, )u319(y7 )7 rT>y
u319(x7 ) 319(y> )7 <y ’
QW) = (wo(W) cos ) + sin®) ™ (wo (W) sin ) — cos 1)) . (40)
We note that the second summand in G(z,y; W) is real for real W = E.

It is easy to verify that the guiding functional given by (17) with U = ug y
satisfies the properties 1) and 3) cited in subsec. 3.1. The proof that it satisfies
the property 2) is identical to that presented in subsec. 3.2 for the second range
1> p > 0. It follows that the spectra of Hs y are simple.

The derivative of the spectral function is given by ¢/ (E) = ! Im [Q(E + i0)].
We first consider the case © = m/2 where we have

U3,n/2($5 W) =uy(x; W),
o'(E) = —r M Im Q(E + i0), QW) = ¢(a) + In(A/ko) -

For E=p*>>0,p>0, A= 2pe"/2 we find
o'(B) = = (1 —tanh 92 ) > 0
2 2 ) =

For E = —72 < 0,7 >0, A =27, and g; > 0, the function Q(E) is of the
form

AUE) =¢(1/2+ g1/27) + In(27 /ko) ,

which implies that for g; > 0, there is no negative part of the spectrum.
For E=—712<0,7 >0, A =27, and ¢g; <0, we have

QUE) = (1/2 = |g1]/27) + In(27/ko), Tm Q(E) = Im(1/2 = [ga/27) ,
which implies that there are discrete negative energy levels &, in the spectrum,
En=—g2(14+20)% 7 = |1 +2n)"", neZ;
= > QU(E-&), Qu=2lgi (1+2n)""%.

neZy

It is easy to see that for the case of ¥ = —7/2, we obtain the same results
for spectrum and eigenfunctions as it must be.
We thus obtain that for g; > 0, the spectrum of Hj 1, /o is simple, continu-

ous, and given by specﬁf&i7T s2 = Ry, and a complete orthonormalized system
in L?(R,) of its generalized eigenfunctions consists of functions

Ug(x) =o' (E)ui(z; E), E>0.
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For g; < 0, the spectrum of _Hgyiﬂ-/Q is simple and given by specflg’i,,/g =
Ry U{&,, n € Z,}, and a complete orthonormalized system in L?(R,) of its
(generalized) eigenfunctions consists of functions

Ug(xz) =o' (E)ui(z; E), E>0,
Up(z) = 2|g1| (1 +2n) "2 uy(2:E,), €, <O .

We note that the spectrum and eigenfunctions for H. 3,7/2 coincide with those

for H, with g2 > 3/4, if we set = 0 in the respective formulas in subsec. 3.1.
We now turn to the case |9 < m/2. In this case, o/(F) can be represented
as

o'(E) = (7 cos?9) "' Im [ws(E 4 i0)] ",
w3(W) = ¥(a) + In(A/ko) — 2¢(1) — tand .
For E=p>>0,p>0, \=2pe /2 and ¢, < 0, we have

. B(E)
TE) = o F 0TA%(B) + B(E)] (41)

where w3(E) = A(E) —iB(F). The function B(E) can be explicitly calculated:

™

2

g1

2VE

whence it follows that for all £ > 0, the spectrum of ﬁg,g is purely continuous.
For E=p?>0,p>0, A= 2pe /2 and g; > 0, the spectral function is
given by the same eqs. (41) and (42). But in this case, B(0) = 0 and the limit
limy o w3 (W) must be carefully examined.
At small W, we have

B(E)

<1 — tanh ) >0, VE >0, (42)

ws(W) = (tandy — tan¥) — (6g7) " W + O(W?), tanddy = In(gy /ko) — 2¢(1) .

For ¢ # 99, the function ¢’(F) is finite at F = 0. But for ¢ = ¢y and small E,
we have

697
cosZ 9g

693

/
E)=_-— 91 _
o (E) T cos2 Yy

Im (E +1i0)"" +0(1) =

§(E)+0(1) ,

which means that the spectrum of the Hamiltonian H. 3,9, contains an eigenvalue
E=0.

For E = —72 <0, 7 > 0, A = 27, the function w3 (FE) is real, therefore, o’ (E)
can differ from zero only at zero-points E,, = E, (¢) of w3(E) (ws(E,) = 0),
which yields

o'(B) =Y [~kows(En) cos?9] ' 8(E — Ey), wi(E,) <0,

09 By (9) = [cos® D}y (E,)] " <0 . (43)
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For g; > 0, we have

w3(E) =¢¥(1/24 g1/27) + In(27/g1) + tan g — tan 9 ,
w3(F)=(1/2)In|E| — tan¥ + O(1), E — —o0,
w3(0) = tanvy — tand .

For ¢ < 9, the equation w3(E) = 0 has no solution, whereas for ¢ > ¥y, it
has only one solution E(=) (). Because eq. (43) holds for 9 E(-) (9), E() ()
increases from —oo to 0 when ¥ changes from /2 — 0 to ¥o.

For g; < 0, we have

w3(E) = ¥(1/2 = |g1l/27) +In(27/ko) — 2¢(1) — tand) ,
w3(E)=(1/2)In|E| — tan¥ + O(1), E — —o0 .

It is easy to verify that the equation ws(E) = 0 has an infinite number of
solutions E,,n € Z,, bounded from below and asymptotically coinciding with
(22) as n — oo, B, = —g7/4n? + O(n=3).

We thus obtain that for g; > 0, the spectrum of H 3,9 is simple and given by
specHsz 9 = R, U {E) (9)} and a complete orthonormalized system in L*(R.)
of its (generalized) eigenfunctions consists of functions

Ug(z) = \/o'(E)usp(z; E), E>0,

~1/2
U(z) = [—ko cos? 0wy (EC) (9)] " uzo(z EC) (9))
(the eigenvalue E() () exists, and therefore E(~) (9) and the corresponding
eigenfunction U(z) enter the inversion formulas only if ¢ > g); for g1 < 0, the
spectrum of Hgﬂg is simple and given by SpeCI:I;),’qg =R, U{E,} and a complete
orthonormalized system in L?(R,) of its (generalized) eigenfunctions consists
of functions

Ug(x) =o' (E)usy(z; E), E>0,
Un(z) = [—ko cos? ﬁwé(En)]_l/z ugw(z; Ey), E, <O0.
It is possible to describe the discrete spectrum for |9 < 7/2 and g1 < 0 in

more details. To this end, we represent the equation ws(E) = 0 in the equivalent
form

f3(E) =tand, f3(E) =¢(1/2—|g1]/27) + In(27/ko) — 2¢(1) .
Then we have
f(=o0) =00, f(& £0)==+00, n€Z;.
Because eq. (43) holds, we can see that in each interval (&,,&,+1), n € {—1} U
Zy, there is one discrete eigenvalue F, and FE, increases monotonically from
En+0to E,41—0 when ¥ changes from 7/2—0 to —7 /240 (we set E_; = —00).
We note the relations

ﬁiiﬂ/z Ena(9) = ﬁESITl/Q En(V) =& .
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3.4 The fourth range g, < —1/4 (u =iz, 5 > 0)

The analysis in this section is completely similar to that in Section 3.2 (although
the results for the spectrum differ drastically). We therefore briefly outline basic
points.

According to Section (2), the deficiency indices of the initial symmetric oper-
ator H with g2 < —1/4 are my = 1, and therefore there exists a one-parameter
family of its s.a. extensions.

To evaluate the asymmetry form Apg+, we determine the asymptotics of
functions ¢, belonging to D7, (R4 ) at the origin using representation (23) with
= i of the general solution of eq. (14) with W = 0 and estimating the
integral terms by means of the Cauchy-Bunyakovskii inequality, which yields

Yy (T) = a1U1a5(T) + a2ugas(x) + O(m3/2), x—0,

Y (@) = a1t (@) + asuh (@) + O(2'/?), 2 = 0,

Utas (@) = (kox) Y2 | Ugas (@) = (kox)Y? 7 = upas(z) | (44)
and we find® Ap+ (¢.) = —2is(ara; —azaz). The requirement that A+ vanish

results in the relation a; = €*ay, § € S(0,7) defining the domains of possible
s.a. Hamiltonians.

The final result is that: for each go in the range go < —1/4, there exists a
family of s.a. Hamiltonians Iﬂﬂ with the domains

Dy, , ={¢ :¢ € Dy (Ry), o satisfies (45)} ,
where (45) are the asymptotic s.a. boundary conditions at the origin

Y= C'l/)4as(1') + O($3/2), 'l/}/ = qubflas(x) + O(Z’l/2), x—0,
w4as(x) = eieulas(x) + eii6u2as($) = 7/}4215 (LE) . (45)
To evaluate the Green’s function G(z,y; W) for Iﬂ’g, we use representation
(15) with a; = 0 for . (z) belonging to Dy, , C D} (R4), boundary conditions
(26) and asymptotics (44) then yield

_ 21'%()\]“))71')(671'9

T T oW wae(W) /ooo vi(@s Wn(w)dz, wie(W) = a(W) +b(W) ,
_ wDB) N ko)~ DB (N ko)™”
CL(VV)_e"')?&)O7 bW) = e 0Tf~

Using the representation

ko)l 2T
4¢

vy (z; W) = — [ia,0(W )uao(x; W) + wag(W)tae(z; W)]

8 This structure of A+ confirms that the deficiency indices of H are m4 = 1.
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where
Ga0(W) = a(W) = b(W), figg(z; W) = ife” k> uy(2; W) — ks> uy (a; W)]
ugg(a; W) = ks> uy (2, W) + e~k * "y (1, W) |

where u4,9 and @49 are solutions of eq. (4) real-entire in W, and w4 satisfies
boundary conditions (45), we find

G(z,y; W) = QW )ua,g(2; W)ua,e(y; W)

B 1 { tg,0(x; Wugg(y; W), x>y QW) = — i M
drcky | wap(x; W)lag(y; W), o<y ’ dacko wag(W) '

the second summand in G(z,y; W) is real for real W = E.

It is easy to verify that the guiding functional given by (17) with U = u4
satisfies the properties 1)- 3) cited in subsec. 3.1, whence it follows that the
spectra of ELW are simple.

The derivative of the spectral function is given by ¢/(E) = 7 =1 Im Q(E +10).

For E=p>>0,p>0, \=2pe /2 and ¢, < 0, we have

Ny — 1 _ (47 3cko) ™" (1-|D(E)]?)
o/(E) =7 'ImQ(E) = T+ DEAFDE] (46)
a(E) B =207 () (a_ )e2i* In(ko/2p) g5

b(E) I3l ()

Because ) ;
14 e “™%e T91/P
|D(E)]? =

1 T eQﬂ.%e_ﬂ.gl/p < 17 vp Z 0 ) (47)
specﬁ479 =R, and is simple.

For E =p®>>0,p >0, A\ =2pe /2 and g; > 0 expressions (46) and (47)
for o/(E) hold true. But in this case, we have |D(0)] = 1 and must carefully
examine the limit limy o Q(W).

It is easy to see that for small W, we have the representation

~ 1 4 2i(60—6) 2
L _+e_ : +O(1),A:3¢2’
43k [1 — e2i(00=0)] +W/A (1 + 452)

I§6))

1
o= —wlp/rl, o= (g ko) ~ b +7/2, b = grIn g

where [p/7] is the entire part of ¢ /7. For § # 6, the function ¢’ (FE) is finite at
E = 0. But for § = 6y, we find

QW) =

o' (E+0) = —1 ' (A/25¢ko) Im (E 4 i0) " + O(1) = (A/25¢ko) §(E) 4+ O(1) ,

which means that the spectrum of the Hamiltonian f[4,90 with g1 > 0 contains
the eigenvalue £ = 0.
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For E = —712 <0, 7 >0, A =27, the function Q can be represented as
Q(E) =ntan©O(E), O(E) =0+ 0p — 0p(E) + s In(ko/27) ,
where
or(E) = % INT(1/2 + g1/27 +i5¢) — InT(1/2 + g1 /27 — i32)]

—mlg1]/27 + xIn(|g1]/27) + O(1), g1 <O
xIn(g1/27) + O(7), g1 >0

Or(—o0) = 5 In ps 2 + O(1/7), E — —o0

, FE—0

The asymptotic behavior of ©(F) at the origin and at minus infinity is given by

lgi| /27 + O(1), g1 <0
{ 0+ 6r + »ln(ko/g1) + O(7), g1 >0’ E—0
0+ 0p — Op(—00) + sn(ko/27) + O(1/7), E — —0

O(E) =

Because Q(F) is a real function for E < 0, ¢/ (E) can differ from zero only
at the points E,, = E,,(0) where ©(E,,) = /2 + mn, n € Z, which yields

o'(E) = _QI(E — Ey), Qn = [45ko®' (E,)]

12 9B, > 0.

~ We can obtain an additional information about the discrete spectrum of
Hy . Representing the equation ©(E,,) = 7/2 + mn, n € Z, in the equivalent
form

fa(En) =7/24+7(n—0/7), fa(E) =0r — 0p(E) + »1In(ko/27) ,
00 En(0) = — [f1(En(0)] " = —[0/(E.(0)] ' <0,

we can see that the following assertions hold.

a) The eigenvalue E, (#) with fixed n decreases monotonically from E,, (0)
to E, (r) — 0 when 0 changes from 0 to m# — 0. In particular, we have
En,l(é') < En(9)7 Vn.

b) For any ¢;, the spectrum is unbounded from below: E,, — —oo as n —
—00.

¢) For any 6, the negative part of the spectrum is of the form E,, = —k3m?2e™1"l/* (14-
O(1/n)) as n — —oo, where m = m(g1, g2,0) is a scale factor, and asymp-
totically (as n — —o0) coincides with the negative part of the spectrum
in the Calogero model with coupling constant g under an appropriate
identification of scale factors.

d) For g1 < 0, the discrete part of the spectrum has an accumulation point
E = 0. More specifically, the spectrum is of the form FE, = —g%/4n? +
O(1/n3) as m — oo (as in all the previous ranges of the parameter go) and
asymptotically coincides with the spectrum for g5 = 0, see below.
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e) For g1 > 0, the discrete spectrum has no finite accumulation points. In
particular, possible values of n are restricted from above, n < n,.x, where

n _ { f4(0)/m —1/2if f4(0)/7 —1/2 is integer
e [f4(0)/m +1/2] if f4(0)/m —1/2 > [f4(0)/m —1/2] °

and the level E = 0 is present in the spectrum for § = 6y only.

The final result is as follows: the spectrum of 1;14’9 is simple and given by
specﬁ479 =R,y U{E, <0}, —00 < n < Nypmax, Where nyax < 0o for g1 > 0
and npmax = oo for g3 < 0, and the set of the corresponding (generalized)
eigenfunctions

Up(z) = Vo' (E)usg(x; E), E>0; Uy(x)=Qnuap(z;Ey), E, <0,

form a complete orthonormalized system in L? (R.).

3.5 The fifth range o =0 (1 = 1/2)

The analysis in this section is similar to that in subsec. 3.2. A peculiarity is that
the function ug is not defined for p = 1/2, and we therefore use the following
solutions of eq. (4):

w (3 W) = ze” 2 @(a1 /2, 23 2), us(2; W) = dis(2; W) — g1 Inkouy (z; W)
vi(z; W) = xe_z/z‘l’(al/% 2;2) =D Mauy2) [wijp(W)ur(z; W) + us(z; W)]
where
g =1+g1/A,
5 (23 W) = e /222 [a71d(a, B_; 2) + u D(B- )z ®(ay, By 2)]
wi2(W) = g1C+g1 [¢(a1/2) + In(Mko)| — g1 — A/2,

pn—1/2 7

C is the Euler constant. The asymptotics of these functions at the origin and
at infinity are respectively as follows.
Asz — 0, z= Az — 0, we have

up(x; W) = kalulas(x) + O(mg), us(x; W) = usas(z) + O(;zc2 Inz) ,
v (z; W) =T ay9) [k 'wi/2(W)t1as(z) + usas(z)] + O(2* Inz) |
Utas(T) = kox, usas(x) =1+ g1z ln(kox) + Cgrx . (48)

As z — oo, ImW > 0, we have

uy(z; W) = 1"_1(al/g))\_1+91/’\x+gl/)‘ez/2(1 +0(z71)) = o0,
vi(a; W) = A9/ 279 A2 (14 O(27")) — 0
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The functions u; (z; W) and wus (x; W) are real-entire in W. These functions
form a fundamental system of solutions of eq. (4), the same holds for the
functions w1, v; for Im W # 0, see subsec. 3.2,

Wr (ur,us) = —1, Wr (u1,v1) = —=1/T(ay/2) = —w(W) .

As we know from subsec. 3.2, for go < —1/4, the deficiency indices of the
initial symmetric operator H are my = 1, and therefore there exists a one-
parameter family of its s.a. extensions.

For evaluating the asymmetry form Ap+, we determine the asymptotics of
functions 1., belonging to D% (R4), at the origin using representation (23) of
the general solution of eq. (14) with W = 0, where the natural substitutions
asus — agus and us/2p — us must be made, and estimating the integral terms
by means of the Cauchy-Bunyakovskii inequality, which yields

Vo () = a1U1as(T) + ausas(z) + O(2*/?)
VL (2) = a1 g (7) + a2l (2) + O(/?) (49)

and we find? Ag+ (1x) = —ko(@1a2 — @zay). The requirement that A+ vanish
results in the relation a; cose = assine, € € S (—m/2,7/2).

The final result is that for go = 0, there exists a family of s.a. Hamiltonians
ﬁ5,€ with the domains

Dy, . ={v¢: ¢ € Dj(Ry), ¢ satisfies (50)} ,
where (50) are the asymptotic s.a. boundary conditions at the origin
dj = C¢57€&S($) + O(ZEB/Q), q/}/ = C¢g,eas(x) + O(x1/2)7 T — O ’

V5,cas(T) = Utas(KoT) sin € + ugas(x) cOSE . (50)

To find the Green’s function G(z,y; W) for Ijlg,)e, we use representation (15)
with a; = 0 for ¥.(z) belonging to Dp, , C D} (R ), boundary conditions (50)
and asymptotics (48) then yield

I'?(ay)2) cose

ag = /000 vi(z; Wn(z)dx .

_Wl/z(W) cose — kpsine
Using the representation
kol (a1 2)v1(w; W) = (w1 /2(W) cos € — kg sin €)iis  (z; W)
+ (w12 (W) sin € + ko cos €)us (2; W)

us,e(x; W) = koup (x; W) sine + us(x; W) cose
Us,e(2; W) = koup(x; W) cos € — us(x; W) sine ,

9This structure of A+ confirms that the deficiency indices of H are m4 = 1.
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where us ((z; W) and s (x; W) are solutions of eq. (4) real-entire in W and
us,e(x; W) satisfies boundary conditions (50), we find

1 Us,e (2 Wus (y; W), = >y

Gla,y: W) = s (@ W)z (W), 2 <y |’

QW) = [kosine — wy o(W) cose| - (w1 /2(W) sine + kg cose]

QT Yot (W s (3 W) — {

the second summand in G(x,y; W) is real for real W = E.

It is easy to verify that the guiding functional given by (17) with U = us .
satisfies the properties 1)-3) cited in subsec. 3.1, whence it follows that the
spectra of H5,6 are simple.

The derivative of the spectral function is given by o (E) = (wko) " Im Q(E+
i0).

We first consider the case of € = m/2 where we have us /o (z; W) = kguy (2; W)
and

(E) = (wko) ImQ E +140) ,
a0 - (e 2) + g1 (A ko) — A2
For E=p%>>0,p>0, A= 2pe"/2 we have

\91 ‘e—wgl/Qp

"(E) = >0
75) = 52 sinh(nlga1/2p) =

For E=—-72<0,7>0,\=27,and g; >0, a2 = 14 91/27, the function
Q(E) is finite and real, whence it follows that there are no negative spectrum
points.

For E=—72<0,7>0,A=2r,and g1 <0, ay/5 =1 — [g1|/27, we have

o'(B) = — (nk2) g1 Im () yy_p i = > Q2O(E — &)

nely

2 3/2
T2+ 2n)2’ 24 2n '

It is easy to see that for the case of € = —m/2, we obtain the same results
for spectrum and eigenfunctions as it must be. R
We thus obtain that for g; > 0, the spectrum of Hj ./ is simple, continu-

ous, and given by specf:T 54r/2 = R, and the set of generalized eigenfunctions
Ug(z) = \/o'(E)us x2(x; E), £ > 0, form a complete orthonormalized system
in L2 (R,).

For g1 < 0, the spectrum of ﬁ57iﬂ/2 is simple and given by specﬂg,iﬂ/g =
Ry U{&,, n € Z,} and the set of (generalized) eigenfunctions

Ug(z) = /o' (E)us z2(x; E), E>0,

9 3/2
Un(z) = % ( 91 ) U5,7r/2(ff;5n) )

24+ 2n
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form a complete orthonormalized system in L? (R,).
We now turn to the case |e| < 7/2 where we have

o'(E) = (mcos® e)_l Im [ws(E +140)] ", ws(W) = ko tan e — wy o (W) .

For g1 <0, E=p>>0,p>0, A =2pe""/2 we obtain that

, - - B(E)
E) = (rcos?e) ' Imw; '(E) = 1
o (E)=(rcos’e)  Imw; ' (E) o ([AZ(E) 7 B(E)] (51)
where w5(F) = A(F) — i¢B(E). The function B(E) is explicitly given by
—mg1/2p
B(E) = &9l >0,¥p>0. (52)

~ 2 sinh(w|g1/2p)

It follows that for gy < 0, E > 0, the spectrum of 1{15,5 is purely continuous.

For g1 >0, E=p?>>0,p>0, A\ = 2pe ""/2, the derivative of the spectral
function is also given by egs. (51) and (52). But in this case, we have B(0) =0
and the limit limy_ows(W) has to be carefully examined. For small W, we
have

1
ws (W) = (tane — taneg)kg — 3—W +O0(W?),
g1

taneg = (g1/ko) [In(g1/ko) + C —1] .

For € # €, the function o’(F) has a finite limit as £ — 0. But for € = ¢y and
small F/, we have

391
cos? €

__ 39
7 cos? €

o'(E) = Im(E+i0)"'+0(1) =

E)+0(1) ,

which means that the spectrum of the Hamiltonian }AI5760 has an eigenvalue
E=0.

For E = —72 <0, 7 > 0, A\ = 27, the function ws(E) is real. Therefore,
o'(E) can differ from zero only at zero points E,, = E,(¢) of ws(F), and ¢'(F)
is represented as

o'(B) = [~wh(En)] " 8(E — En), ws(Ey) =0, wi(E,) <0 .

n

For g; > 0, we have

ws(E) = —g1v(1 + ¢1/27) — g1 In(27/g1) + 7 + ko(tane — taneg) ,
ws(E) =/|E| = (¢1/2) In|E| + O(1), E — —00; ws(0) = ko(tane — tanep) .

For € > ¢, the equation ws(E) = 0 has no solution, while for € € (—m/2, €]
it has a unique solution E(=) (¢). It is easy to see that

O E ) (e) = —kolwh (Eg”) cos’e] ™t >0,
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so that E(7) (¢) increases monotonically from —oo to 0 when e changes from
—m/2+40 to €.
For g1 < 0, we have

ws(E) = |91|¥(1/2 = |g1]/27) + |g1| In(27/ ko) + 7 — €,
€=g1C—g1 — kotane .

Representing the equation ws(E,) = 0 in the equivalent form

f5(En) =€ [f5(E) = |g1[(1/2 — |g1|/27) + |91 In(27 /ko) + T,
we can see that:
a)
F5(B) P75 00, f5(Ea£0) = £o00

such that in each region of energy (&,,En+1), n € (—1)UZ,, the equation
ws(Ey,) = 0 has one solution E,(¢) for any fixed ¢, |e| < 7/2, and E,,(e)
increases monotonically from &, +0 to &,+1—0 as € changes from —7/2+0
to /2 — 0 (here, by the definition, £_; = —00).

b) For any fixed €, E,(e) = —g?/4n? + O(n™3) as n — oo, asymptotically
coinciding with (22).

¢) The point E = 0 is an accumulation point of discrete spectrum for g; < 0.
Note the relation

lim E,_1(e)= lim E,(e)=&,, n€Zy .

e—m/2 e——m/2

The above results can be briefly summarized as follows. R
For g; < 0, the spectrum of Hs . is simple and given by specHs . = R} U
{E, <0,n € (—-1)UZ,}. The (generalized) eigenfunctions

Ugp(z) =1/o (E)use(z;E), E>0,
Un(z) = [_wé,e(En)}

form a complete orthonormalized system in L* (R ). R
For gi > 0, the spectrum of Hs . is simple and given by specHs . = R, U
{E) (¢) < 0}. For € € (—7/2, €] the (generalized) eigenfunctions

-1/ us.e(z; En), B, <0, ne(-1)UZ,,

Us(w) = \Jo' (BJus (3 B), B> 0, Ula) = [~wh(E)] g, (B0

form a complete orthonormalized system in L? (R, ). For € > €, the spectrum
has no negative eigenvalues.

We note that the above results (for spectrum and eigenfunctions) can be
extracted from the results in subsec. 3.2 for the case g # 0 (u # 1/2).
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4 Some concluding remarks

We would like to finish our consideration with a remark about the Kratzer
potential [1] mentioned in the Introduction. This potential corresponds to a
particular case of parameters go > 0 and g; < 0. It is drown by the thick line in
the graph of Figure 1. As was already said, the Kratzer potential is extensively
used to describe the molecular structure and interactions [16]. In such cases,
the Kratzer potential appears in the radial part of the Schrédinger equation (2)
and has the form:

V(2) = —2D, (;‘ - 1“2> , (53)

where D, is the dissociation energy and a is the equilibrium inter-nuclear sep-
aration. As x goes to zero, V (z) goes to infinity, describing the internuclear
repulsion and, as z goes to infinity, V (z) goes to zero, describing the decompo-
sitions of molecules. Putting the potential (53) in the radial equation (2) and
comparing with the Schrodinger equation (4), we have the following identifica-
tion: 4 5
g = —FTZLDea , go = h—gnDe(f +I1(1+1) .

We can now calculate the value of go for real diatomic molecules. Using data
from [20], even for [ = 0, we have g» = 4.53 x 10* for CO. The parameter
go is of the same order for molecules of NO, O, Iy, and Hy. Thus, we can
see that for the realistic Kratzer potentials, the corresponding radial equations
have always go > 3/4. Thus, the corresponding radial problem belongs to the
first range described in subsec. 3.1. In this case, there exist only one s.a. radial
Hamiltonian defined on the natural domain (5), functions from this domain have
asymptotics (16).
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