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1.  Introduction

Modeling the interaction of the internal non-axisymmetric 
currents with the magnetic separatrix in single-null dis-
charges is important to understand the influence of the plasma 
instabilities on the heat deposition in the divertor tiles. In 
ITER discharges a rotating non-axisymmetric divertor heat 
flux will cause periodic variation in the thermal loading of 
the target plates and cooling lines resulting in thermal and 
mechanical fatigue of these components leading to prema-
ture failures. This type of slowly rotating non-axisymmetric 
internal mode must be controlled to prevent damage to the 
divertor.

Experiments using internal 3D coils, such as those being 
installed in ITER, have been carried out in DIII-D to entrain 
these modes and prevent them from resulting in disruptions 
[1], but additional research is needed to better understand 
how to mitigate the thermal cycling of the divertors and this 

requires modeling the time-dependent evolution of the heat 
patterns caused by the plasma instabilities.

The concepts of invariant manifolds and magnetic foot-
prints have proven useful to understand the interplay between 
magnetic asymmetries and heat flux patterns in poloidally 
diverted discharges [2]. In single-null, axisymmetric, tokamak 
equilibria the plasma column is limited by a homoclinic magn
etic separatrix. This magnetic surface is not resilient in three 
dimensions and any departure from axisymmetry will lead to 
the splitting of the separatrix into two different surfaces named 
invariant manifolds [3]. These manifolds intersect each other 
infinite times as they are stretched and folded in the neigh-
borhood of the X-points [3–5]. The existence of these non-
axisymmetric surfaces has been demonstrated experimentally 
by measuring the heat deposition patterns in the divertor tiles 
[6], and by tangential imaging of the X-point region [7], and is 
a subject of interest since the observation of helical footprints 
in tokamak discharges [8].
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The magnetic footprint can be obtained by following the 
magnetic field lines starting near the plasma edge until they 
intersect the material surfaces of the tokamak chamber. The 
location and connection lengths of the field lines are organ-
ized by the invariant manifolds of the magnetic saddle. These 
surfaces delimit the strike region and subdivide internally the 
laminar plots [9]. Provided that the parallel transport is domi-
nant for the modeled discharge the interior of the manifold 
corresponds in a first approximation with the heat pattern. In 
magnetically diverted configurations the field lines intersect 
the divertor targets in static spiral regions in agreement with 
the experimental heat distribution for L-mode plasmas [2, 10], 
and with the particle flux distribution for H-mode plasmas 
[11].

In more general situations the magnetic field changes 
in time and the description of the field lines becomes four-
dimensional. In this scenario, the magnetic invariants and the 
strike patterns evolve in time and must be calculated for each 
moment. However, in the special case in which the magnetic 
perturbation rotates toroidally we can calculate the invariants 
in a rotating frame and then recover the temporal evolution 
in the laboratory frame. Experimental observations of heat 
deposition patterns consistent with the rigid rotation of an 
invariant manifold have been observed in [6], where the heat 
pattern evolution was phase correlated with a slowly rotating 
or quasi-stationary tearing mode. However, a quantitative 
agreement between the heat pattern and the manifold calcul
ation requires modeling the non-axisymmetric fields created 
by the plasma response. In this work, we model the magnetic 
field created by the internal asymmetric currents and show a 
quantitative agreement between the measured heat flux pat-
tern at the divertor tiles and the area delimited by the unstable 
invariant manifold calculated for the DIII-D single-null dis-
charge #158826.

For the discharge of interest the electron cyclotron emis-
sion (ECE) signal reverses its phase at q  =  2, indicating the 
presence of a tearing island. Its time development is well cor-
related with the measured magnetic signals outside the plasma 
column. The slowly growing tearing mode is observed to 
rotate toroidally at an approximately constant rate. To model 
the non-axisymmetric field produced by the helical modes at 
q  =  2 we consider a set of helical filamentary currents resting 
at an internal magnetic surface of the EFIT axisymmetric 
equilibrium reconstruction of the shot [12]. This approach is 
similar to the one used to model the plasma response to applied 
resonant magnetic perturbations (RPMs) in COMPASS-D 
[10, 13]. However, in this situation, we do not prescribe the 
filaments using the X and O points induced by the RMPs, as 
this is inconvenient due to the proximity of the surface q  =  2 
to the plasma edge. Conversely, we define our filaments in 
more internal surfaces to avoid undesired effects due to the 
discretization of the response currents, then we use a non-
linear optimization technique to adjust the phases and currents 
of the filaments to reproduce the measured magnetic fluctua-
tions at the magnetic probes in the mid-plane, low-field-side.

With the optimized model for the perturbation field we 
calculate the magnetic invariant manifolds in the rotating 

frame using a method similar to that described in [14], then 
we recover the expected time-dependent interior region 
delimited by the manifolds in the laboratory frame. The 
unstable manifold interior shows good agreement with the 
time-dependent heat flux profiles measured at the divertor 
plates in a fixed toroidal position, indicating the develop-
ment of invariant manifolds in the rotating frame due to the 
internal non-stationary currents. The reasonable match of 
simplified approaches to model the time-dependent region 
affected by the heat flux is interesting for the development of 
effective fields that account for complicated self-consistent 
phenomena, which in principle requires the use of resistive 
magnetohydrodynamics.

This manuscript is organized as follows. In section 2 we 
present a summary of the experimental observations of the 
DIII-D discharge #158826. In section 3 we introduce the fil-
amentary current model and adjust its parameters to match 
the measured magnetic fluctuations and calculate the corre
sponding invariant manifolds for the equilibrium recon-
struction. In section 4 we present our main result, namely 
the correspondence between the internal region delimited 
by the unstable manifold, and the measured time-dependent 
heat flux at the divertor tiles. In section 5 we present our 
conclusions and perspectives, and, finally, we have included 
some technical details of the manifold calculations in an 
appendix.

2.  Experimental observations

The basic evidence of the interplay between the magnetic 
topology and the plasma edge, or, even, the definition of the 
plasma edge through the invariant manifolds, is the temporal 
correlation between the magnetic fluctuations at the magnetic 
probes and the evolution of the heat-flux pattern in the plasma 
facing components (PFCs).

In this work, we consider the discharge #158826 of DIII-D 
where a small stationary n  =  2 field was applied. A non-
rotating locked mode forms at 1625 ms and remains stationary 
until 2015 ms when it begins to rotate slowly at approximately 
6.67 Hz. During the non-rotating phase two heat flux peaks 
form at the outer strike point and remain fixed until the mode 
begins to rotate.

In figure 1 we show the poloidal magnetic field fluctuations 
at different toroidal positions in the low field side (LFS) mid-
plane and the corresponding measurements of the heat flux 
from an infrared (IR) camera pointing to the lower divertor 
region during the rotating stage. As the magnetic signals com-
plete one cycle, the heat flux profile completes one bifurcation 
cycle, where a single peak splits into two or three peaks that 
spread to the LFS and vanish.

This type of behavior is expected if the non-axisymmetric 
field created by an internal instability is changing periodically 
the magnetic topology, resulting in a periodic separation of the 
strike points measured by the IR camera [6].

In this shot electron cyclotron emission presents a phase 
inversion across the q  =  2 surface indicating the presence 
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of a tearing island. Also, the modulation in the radial and 
poloidal magnetic fields measured at several toroidal posi-
tions for the same poloidal location are consistent with a 
q  =  2 tearing mode rotating at approximately 6.67 Hz. The 
amplitude of the mode grows slowly, but it is modeled to be 
constant during the heat flux measurements. It is important 
to point out that although the phase differences between the 
signals are consistent with the rigid rotation of the mode, the 
waveforms captured at different toroidal locations present 
different shapes, indicating that the internal structure is not 
rotating rigidly, but may contain elements moving at different 
frequencies or even oscillating. However, these effects are 
not included in the model as they do not introduce informa-
tion that can be resolved with the IR camera, also, the domi-
nant mode provides substantial agreement with the available 
experimental data.

3.  Perturbation and separatrix

3.1.  Helical filaments model for the perturbation

In order to show a clear correlation between the magnetic sig-
nals and the divertor heat flux we will concentrate in modeling 
the time-dependent part of the magnetic field, which coincides 
experimentally with the heat flux becoming non-stationary. 
For this, we split the total magnetic field in the form

( ) ( ) ( )
→ → →

φ φ= +B R z t B R z B R z t, , , , , , , .0 1� (1)

Here 
→
B0 is the stationary, axisymmetric part of the magnetic 

field and 
→
B1 is the time-dependent non-axisymmetric part. The 

symmetric field 
→
B0 can be determined by solving the Grad–

Shafranov equation while adjusting a set of plasma profiles 
consistent with the measured plasma parameters [12]. For this 
part we use the EFIT equilibrium reconstruction of the dis-
charge #158826 during the period of interest. For the time-
dependent part we peform the following decomposition:

( ) ( ) ( )
→ → →

φ φ φ= +B R z t B R z B R z t, , , , , , , , .1 ext resp� (2)

Here 
→
Bext, represents the stationary, non-axisymmetric field 

created by external sources, like the I and C-coils of DIII-D, 
and ( )

→
φB R z t, , ,resp  encompasses the time-dependent plasma 

response to the external perturbation and the field created by the 
internal instabilities like tearing or kink modes. As will be dis-
cussed at the end of this section, the ratio /

→ → �| | | |B B 0.018ext resp  
in the separatrix region of discharge #158826. Consequently 
we approximate the total non-axisymmetric field with the 
response field alone

( ) ( )
→ →

φ φ≈B R z t B R z t, , , , , , .1 resp� (3)

Based on the previous section, the experimental phase shift 
between magnetic fluctuations at different probes suggests a 
dominant rigid rotation of the internal source currents, and 
a smaller contribution from non-rotating sources that reflect 
in the waveform difference between probes. In the following, 
we consider the influence of the dominant rotating component 
to obtain a simple three-dimensional rigid description that 
describes reasonably well the experimental heat patterns in 
figure 1. To model this field we consider a non-axisymmetric 
current distribution inside the plasma, rotating toroidally at 
the measured dominant frequency of ν = 6.670  Hz, and cre-
ating the measured magnetic fluctuations outside the plasma. 
In the present situation, the rotation is quite slow, and we can 
approximate

( ) ( )
→ →

φ φ≈ −ΩB R z t B R z t, , , , , ,cresp� (4)

where ( )
→

φB R z, ,c  is the stationary magnetic field created by the 
internal current as measured in a non-inertial rotating frame 
with angular velocity πνΩ = 2 0. In a first approximation, the 
toroidal motion is considered to be uniform, so that the phase 
changes linearly with t.

For clarity, we will study the three-dimensional topology of 
the magnetic field in the rotating frame where the perturbation 

Figure 1.  Heat flux profiles in the LFS strike point for discharge 
#158826 for ten time slices between 2750 ms and 2935 ms (top) and 
poloidal magnetic field fluctuations for various toroidal positions 
measured on the LFS mid-plane (bottom). The black dashed line in 
the heat flux profiles identify the strike point position obtained from 
the equilibrium reconstruction of the discharge, and the red dashed 
lines in the probe signals correspond to the times for the heat profile 
measurements during one period of the magnetic signals (150 ms). 
The coordinate s in the heat flux profiles corresponds to the poloidal 
distance along the DIII-D wall, measured counterclockwise from 
the HFS mid-plane. For these profiles s  =  R  +  0.239 m, with R the 
cylindrical radial coordinate.
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becomes stationary. Then we will recover the spatio-temporal 
dynamics in the laboratory frame to compare with the exper
imental observations. In a strict sense, 

→
B0 must be transformed 

to this non-inertial frame, but given the low frequency of rota-
tion we use the field obtained through MHD equilibrium in 
the laboratory frame. To estimate the error of this assump-
tion, notice that the fictitious force density ΩnMRi 0

2 is of 
the order 10−4 N m−3, while the laboratory magnetic forces 
→ →
×j B and pressure gradient ∇p are of the order 103 N m−3. 

Consequently, no significant changes on 
→
j  and 

→
B are expected 

in the rotating frame.
To model the perturbing field we consider a minimal set of 

internal helical filaments, carrying the non-axisymmetric cur
rents inside the plasma and use the magnetic measurements at 
different angular positions to adjust simultaneously the cur
rents and phases of all the filaments. This simple approach 
allows us to approximate the experimental magnetic field near 
the plasma edge without knowing the exact current sources, 
and without MHD calculations. For a set of Nf filaments with 
helicity qh on an arbitrary magnetic surface, the non-axisym-
metric part of the current density inside the plasma takes the 
form

( ) ( ( )) ˆ→ → → →∑ δ φ= − −Ω
=

j r t I r r t h, ,
i

N

i i1
1

h

f

� (5)

where Ii is the current of the ith filament, ĥ is the current 
direction at →r  and ( )→ φrh 0  is a helix with qh toroidal turns per 
poloidal turn. The desired helical path is obtained by appro-
priate scaling of the toroidal coordinate of a field line starting 
at the toroidal angle φ0 on the LFS mid-plane at the desired 
magnetic surface, so that the line helicity becomes qh.

For the DIII-D discharge #158826 a tearing mode develops 
at the q  =  2 surface which is at approximately 8 cm from the 
separatrix in the LFS. Placing the helical filaments in this loca-
tion allows us to model the measured magnetic fluctuations at 
the probes. However, due to the small distance between the 
filaments and the separatrix, the discrete nature of the helical 
currents cause undesired topological effects, such as the defor-
mation of the manifold around the filaments. Consequently, 
we do not use field aligned filaments at q  =  2, but consider 
filaments with =q 2h  in a more internal surface at 40 cm from 
the separatrix in the LFS mid-plane. The number of filaments 
is chosen by requiring a maximum drop in the fitting error for 
an small increase in the number of filaments. Three filaments 
give a large improvement relative to two or one filament, while 
more than three gives a poor relative improvement.

Our approximations are only applicable for studying the 
perturbed field lines outside the magnetic surfaces where 
the instability is formed, and are not intended to model the 
internal magnetic topology self-consistently, this is why we 
locate the perturbation sources arbitrarily, whenever we can 
reproduce the measured magnetic fluctuations. The loca-
tion of the source currents do affect the internal structure of 
the invariant manifolds, but their more explicit features like 
number of lobes, lobe width, and the lobe radial excursion, are 
mostly determined by the dominant mode numbers and their 
relative intensities, and these figures can be conserved when 

changing the location of the sources. For the modeled fila-
ments, the ratio between poloidal and radial magnetic fluctua-
tions created at the separatrix depends weakly on the chosen 
magnetic surface when the distance between the separatrix 
and the filaments is above 10 cm.

The current in the filaments { }I I I, ,1 2 3  and their toroidal 
phases { }φ φ φ, ,1 2 3  are determined simultaneously using a 
Levenberg–Marquardt routine [15] to minimize the corre
sponding error functional

({ }) [ ˜ ( ) ({ } ˜ )]( )∑ ∑φ φ φ= − Ω −
= =

ε I B t B I t, , , .i i
n

N

m

M

z
m

n i i n m
1 1

1
2� (6)

Here ˜ ( )( )
B tz

m
n  is the poloidal field fluctuation measured by the 

mth magnetic probe located in φ̃m for the time slice tn, and {N, M}  
are the number of time slices and magnetic probes respectively. 
The simulated magnetic perturbation ({ } )φ φB I , ,i i1  is calcu-
lated for the corresponding angles of each probe in the rotating 
frame, where πΩ = ×2 6.67 Hz is the measured toroidal rota-
tion frequency, and the adjusted time interval contains the heat 
measurements in figure 1. When provided a reasonable initial 
guess for the parameters, the routine converges to a minimum 
value of the error, where { } { }= − −I I I, , 24.4, 17.2, 14.51 2 3  kA 
and { } { }φ φ φ = � � �, , 348.3 , 70.2 , 117.91 2 3  (figure 2).

In figure 3 we show the comparison between the poloidal 
magnetic field measured by four magnetic probes at  
(R, z)  =  (2.4, 0.0) m in different toroidal positions, and the  
modeled field value from the helical currents using a Biot–
Savart calculator. For the modeled portion of the shot between 
2700 and 3000 ms the filament currents and their relative 
phases were kept constant in the rotating frame. Between 
2400 and 2900 ms, the magnetic fluctuations have an approxi-
mately constant amplitude and frequency, but at the end of the 
heat flux measurements, after 2900 ms, the magnetic fluctua-
tions are slightly increased.

Figure 2.  The error functional is well minimized by three internal 
helical filaments with q 2h =  at 40 cm from the separatrix in the 
LFS mid-plane, rotating toroidally at the measured dominant 
frequency 6.67 Hz.
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After the parameter optimization, the filamentary currents 
account for the amplitude, phase, frequency and general shape 
of the magnetic oscillations in most of the magnetic probe sig-
nals, with some variations caused by small departures from a 
rigid rotation of the currents comprising the plasma response 
(figure 3).

The departure from rigid rotation of the internal currents 
may be due to the magnetic torque created by stationary magn
etic fields produced internally and externally, but modeling 
the interaction of the stationary field with the model filaments 
is outside the scope of this work. Also, a simple addition of the 
static fields to the response field without interaction with the 
filaments will not affect the modeling of the magnetic signals 
because stationary fields only add a bias to the simulation of 
the measurement, without affecting the waveform. However, 
the addition of a stationary field for the manifold calculations 
can reshape the lobes in time causing measurable effects  
in the heat flux patterns, but this effect will only be observed if 
the stationary field plays a significant role in the definition of 
the non-axisymmetric field in the separatrix region.

In the discharge of interest the I and C-coils where oper-
ating during the heat measurement, causing possible depar-
ture from the rigid rotation in the manifolds. To estimate the 
importance of this external field 

→
Bext, it was calculated in a 

uniform grid along the unperturbed separatrix and compared 
to the field created by the internal filaments 

→
Bresp. In figure 4 

we show the mean of the ratio /
→ →
| | | |B Bext resp  at the magnetic sep-

aratrix as a function of the phase difference between helical 
filaments and the static array of coils. Clearly, the magnetic 
field from stationary sources would only modify the non-
axisymmetric field in the separatrix region by less than 2%, 
while adding unnecessary complexity to the analysis of the 
manifolds in space and time. In the following, we disregard 
the stationary fields and consider the rigid rotating filaments 
as the only source of non-axisymmetry, which allow us to per-
form a simplified description of the non-axisymmetric field 
in the rotating frame and calculate the corresponding non-
axisymmetric separatrix that expectedly delimits the time-
dependent region of increased heat flux at the divertor targets.

Figure 3.  Comparison between the magnetic probe signals presented in the bottom of figure 1 (red), and the vacuum field created by the 
modeled rotating internal filaments at the probe locations (black). The comparison corresponds to the time interval containing the heat 
flux measurements. A reasonable match between maxima and minima is generally observed, while the waveform shape is not necessarily 
reproduced at some locations due to the approximation of rigid rotation.

Figure 4.  Magnetic surface mean of the ratio between the fields 
created by the external stationary currents and the internal helical 
currents at the magnetic separatrix for the DIII-D shot #158826 as a 
function of the rotation phase of the internal filaments.
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3.2.  Calculation of the magnetic separatrix

In axisymmetric situations the magnetic field lines inside the 
plasma span a continuous set of nested toroidal magnetic sur-
faces. In diverted magnetic configurations these toroidal sur-
faces exist inside a magnetic separatrix containing one or more 
X-points (magnetic saddles). More precisely, the separatrix is 
defined by the field lines that converge to the X-points when 
followed in any direction, and in most situations the separatrix 
is spanned by the field lines converging to a single X-point.

In the axisymmetric case, the combined X-points at every 
poloidal section  define a circle ( ) ( ) ⩽ φ π= <R z R z, , , 0 2s s , 
where the poloidal field vanishes and the Jacobian of 

→
B0 has 

real eigenvalues. As the magnetic field is purely toroidal, a 
field line starting at ( )R z,s s  is a closed circle passing through 
every X-point. In non-axisymmetric situations we can say, 
equivalently, that the X-points are defined by a field line 
closing after one toroidal cycle. In the following we will refer 
to this field line as an unstable periodic orbit (UPO) [3].

With this we can implement the definition of a separatrix 
for non-axisymmetric situations with an alteration. Now, the 
surface is defined by the field lines converging to the UPO 
when followed in one direction. This causes the existence 
of two different surfaces or invariant manifolds defining the 
confined region. The unstable manifold is spanned by field 
lines converging to the UPO when followed opposite to the 
field direction, and, conversely, the stable manifold is spanned 
by the field lines converging to the UPO when followed in 
the direction of the field. Both surfaces are infinite and 

non-self-intersecting, but can intersect each other in very intri-
cate patterns. The set of orbits converging to the UPO when 
followed in any direction lie on the intersections of the stable 
and unstable manifolds, referred to as homoclinic points, 
and they do not span a continuous surface, i.e. there are gaps 
between these orbits and they can not be the generalization of 
the axisymmetric separatrix.

In non-axisymmetric situations the UPO is a global struc-
ture and can not be identified using only local information. 
This happens because the toroidal angle φ is no longer a cyclic 
coordinate, i.e. the vanishing of the poloidal magnetic field 
can not be used to determine the UPO. To locate this orbit 
we need to identify the fixed point of the Poincaré map P̃, at 
a given plane transverse to the magnetic field (see appendix). 
Once identified this point can be used to build the UPO by 
integrating the magnetic field starting at P̃ until it closes after 
one toroidal cycle.

In the neighborhood of the fixed point P̃, at the transverse 
plane, the invariant manifolds can be approximated using 
polynomials that adjust the behavior of neighboring field lines. 
Then, small segments of the manifold cuts can be mapped 
forward or backwards to build the rest of the manifold cuts 
far from the UPO. To perform this calculation, the magman 
routine was developed (acronym for magnetic manifolds). 
Magman provides an adaptive calculation of any manifold 
cut by introducing new orbits on the fly avoiding redundant 
calculations and spurious points, resulting in a well spaced 
sequence of linkable points that represent the invariant mani-
fold intersection with the transverse plane (see appendix).

Figure 5.  Cut of the invariant manifolds in the plane 0φ = , for discharge #158826 subjected to the non-axisymmetric field created by the 
modeled helical filaments. The detail of the manifold intersection with the chamber reveals the layered interior of the magnetic footprints.
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Using the methods described in the appendix, we were 
able to identify the intersection of the UPO with the plane 
φ = 0 for the equilibrium perturbed by the three filamen-
tary currents in figure  2. The fixed point was located at 
( ) ( )= −R z, 1.3931, 1.1023s s  m, at approximately 3.7 cm from 
the unperturbed saddle ( ) ( )= −R z, 1.3816, 1.0672s s

0 0  m. Then 
we calculated the intersection of the invariant manifolds with 
the poloidal plane at φ = 0 using the adaptive advection of 
elementary segments implemented in magman.

In figure 5, we show the cut of the invariant manifolds at 
φ = 0 in the rotating frame, where the helical filaments are 
stationary. The invariant manifolds develop the characteristic 
homoclinic lobes [3] created by the magnetic perturbation on 
the invariant manifolds as they get stretched and folded to pre-
serve the toroidal magnetic flux. The multiple intersections of 
the invariant manifolds lead to the proliferation of UPOs of 
higher periods by the horseshoe mechanism [16] which drives 
the chaotic behavior of the field lines at the plasma edge.

4.  Results and discussion

As we move toroidally in the rotating frame, (or as the time 
advances in the laboratory frame), the lobes move towards the 
UPO, and get stretched and folded. During the stretching, the 
invariant manifold crosses the tokamak wall in several regions 
that rotate toroidally in the laboratory frame.

These crossings can be calculated with magman in the 
same way that the continuous poloidal section  was calcu-
lated. The manifold cut at the tokamak chamber delimits the 
magnetic footprints or escape patterns and defines the internal 
boundaries through which there are abrupt changes in the con-
nection lengths in a laminar plot [9].

To compare the magman manifolds in the rotating frame 
with the heat deposition patterns measured at a fixed location 
in the laboratory we need to transform the times of the heat 
measurements to the corresponding toroidal phases of the 
rotating frame. This is achieved by

( )φ φ= −Ω −′ t t ,i c i 0� (7)

where ti is the time of the ith measurement, φc is the toroidal 
phase of the IR camera, and πΩ = ×2 6.67 Hz was deter-
mined from the waveforms captured by the magnetic probes.

In figure 6 we depict the intersection of the unstable mani-
fold with the chamber wall for the LFS strike region in the 
rotating frame. Overlapped on the manifold, we depict the 
experimental heat flux measurements introduced in figure 1 at 
the phases in the rotating frame corresponding to the time of 
each heat flux profile in the laboratory frame.

Notice that the heat flow peaks match reasonably well with 
the manifold interiors, and the observed peak splitting agrees 
well with the multiple interiors for each toroidal phase of the 
rotating frame. As discussed before, the invariant manifolds 
delimit the volume of confined field lines in non-axisymmetric 
situations. Consequently, the field lines inside the manifold 
can access the plasma interior driving the hot plasma by par-
allel transport to the plasma facing components (PFC), while 
the field lines outside the manifold can not access the plasma 
and will only drive particles that leave the manifold interior by 
cross-field transport, which is small compared to the parallel 
transport.

It is interesting to notice that, for φ< <� �240 360 , the 
camera sees a single heat peak moving from 1.520 m to 1.525 m,  
which is well aligned with the clustered lobes, but as the 
lobes get separated the peak splits and the main peak moves 
to the HFS following another piece of the manifold with a 
smaller radial extension. Clearly, the heat load is not aligned 
with the axisymmetric strike line from EFIT at ≈R 1.5 m 
but follows the wider lobes. This behavior explains the 
small misalignment between the main flux peak and the 
strike point position from the axisymmetric reconstruction 
in figure 1. This measurement is consistent with the invar-
iant manifold delimiting the region of enhanced heat flux in 
non-axisymmetric discharges and indicates that the heat flux 
may be concentrated in the lobes instead of the region where 
the manifold gets compressed near the unperturbed axisym-
metric strike line.

An important point is that the calculation of the manifold 
interior is not intended to describe the heat flux profile, but 
to identify the regions of the chamber affected by parallel 
transport. Heat flux profile features as intensity, width and 
peak locations require transport simulations that include par-
ticle drifts [11], but it is interesting to notice that the plasma 
edge calculation through invariant manifolds delimits well the 

Figure 6.  The interior of the unstable invariant manifold 
intersecting the DIII-D divertor plates in discharge #158826 in a 
rotating frame with toroidal frequency of 6.67 Hz (gray region), 
and an overlay of the experimental heat flux measurements for 
the corresponding toroidal phases of the rotating frame (profiles 
filled in light-red). The heat flux peaks are well correlated with the 
center of the manifold interior (blue lines) for most phases, and the 
secondary heat flux peak disappears where the lobes get too close 
radially to be resolved by the IR camera. The heat pattern evolves 
periodically, as expected if the manifold rotates rigidly.
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radial extension of the heat load and approximates well the 
locations of the main peaks.

Another approach involves modeling the equilibrium with 
fully three-dimensional solvers using energy minimization 
procedures. However, most tractable procedures extremize 
the plasma potential energy by performing ideal variations of 
the magnetic field, precluding topological changes at the reso-
nant surfaces and the plasma edge. This preserves numerically 
the nested topology and prevents the numerical simulations 
to reproduce the experimentally observed separatrix split-
ting [17]. On the other side, resistive MHD simulations of the 
tearing mode can be used to calculate the non-axisymmetric 
fields created in the separatrix, but these calculations are 
numerically more involved and require the definition of a con-
siderable set of model parameters. The presented treatment 
can be considered as an effective field modeling based on 
magnetic measurements that intends to pack a large number 
of complex effects in a simple non-axisymmetric field.

The identification of the invariant manifolds with the plasma 
edge brings interesting possibilities for the interpretation and 
modeling of plasma structures near the plasma-vacuum inter-
face and the evolution of the heat loads on the chamber comp
onents. These structures may emerge from parallel transport 
along the field lines resulting from the overlapping of dynamic 
and stationary magnetic fields in the presence of a magnetic 
saddle. This general situation may be relevant during the ELM 
suppression by resonant magnetic perturbations where a non-
stationary magnetic perturbation caused by evolving currents 
in the plasma is combined with an externally applied magnetic 
perturbation. Also, the so-called filamentary structures may be 
a manifestation of time-dependent helical features developing 
at the invariant manifolds [18], but this may require more 
detailed modeling of the non-axisymmetric source currents.

5.  Conclusions

In this work we have shown that the measured heat flux to the 
divertor plates of a single-null discharge evolves in agreement 
with the interior of a rotating invariant manifold calculated 
for a minimalist model of the plasma response field created 
by a rotating tearing instability. The non-axisymmetric field 
was calculated with a filamentary model of the source currents 
consisting of three helical wires with helicity =q 2h  located 
at 40 cm from the separatrix in the mid-plane. The model 
parameters were adjusted to reproduce the measured magnetic 
signals at several probes outside the plasma. A more sophisti-
cated treatment involving multiple helicities, several surfaces 
and more filamentary currents can provide more details of the 
heat patterns and the topological changes experienced by the 
manifolds, but in terms of experimental observations a simple 
model with reasonable properties gives a good quantitative 
match, suggesting that the extension and overall shape of the 
heat pattern is mainly controlled by the size and wave num-
bers of the magnetic perturbations at the plasma edge. The 
study of the interplay between the magnetic topology and 
the heat flow provides a relevant insight on the nature of the 
helical structures developing at the plasma edge. Whenever 

Figure A1.  Intersections of a regular field line and the UPO with a 
Poincaré plane.

Figure A2.  The invariant manifolds are calculated by applying the 
Poincaré map to small segments of the invariants close to the UPO. 
The local invariants are obtained by fitting the mapped points from 
a neighborhood of P̃.

Figure A3.  Representation of the optimization process. Each line 
represents a field line on the invariant manifold. At the top and 
bottom we have the intersections with the Poincaré plane 0φ = , 
where M M PP

N N( )= . After the first cycle, the distance between MP 
and MP

2  was larger than the critical distance dc, then a new orbit is 
created at Q. The refinement continues, by measuring the distance 
between MP

2  and MQ that is also larger than dc, originating R and so 
on. The starting points of the new orbits are calculated in the cutting 
plane using Lagrange polynomials passing through the neighboring 
points.
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the parallel transport is dominant we can describe important 
features of real discharges using simple effective models like 
the one presented here.
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Appendix.  Unstable periodic orbits and invariant 
manifolds

To localize the unstable periodic orbit (UPO), or saddle orbit, 
let us introduce the Poincaré map →M S S: , where S is a 
given surface, for instance φ = const., which is always trans-
verse to the magnetic field, and M(P) is the position of a field-
line starting at ∈P S after one toroidal transit in the direction 
of the field (figure A1). The inverse map M−1 is obtained when 
we follow the line in the opposite direction to the field. Notice 
that, M(M−1(P))  =  M−1(M(P))  =  P.

The explicit form of M is unknown and we can only cal-
culate it numerically through the integration of the field lines. 
The field line tracing is performed with an order five adaptive 
Runge–Kutta integrator [19]. The error estimate was adjusted 

Figure A4.  The left column shows the scatter-plot of a set of 7500 random initial conditions close to the UPO mapped for nine toroidal 
cycles. The center column shows the scatter plot of the magman adaptive calculation, with the same number of points. Clearly, the 
magman points are better distributed along the manifold and reach farther regions. The third column shows the smooth line traced along 
the organized magman points. As the random sampling does not provide organized points, they can not be joined smoothly to represent the 
manifold.
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to 10−12 m per step, so that, cumulative errors are expected to 
be small.

Formally, we can look for the fixed point P̃ satisfying 
( ˜) ˜=M P P, which belongs to the UPO (figure A1). This can 

be accomplished numerically using a Levenberg–Marquardt 
algorithm [15] with a tracking stage or Broyden’s method 
[20]. Both methods involve the approximation of the Jacobian 
matrix of M using finite differences. Provided a good initial 
guess of P̃ the method converges in few iterations, usually, 
less than 10. For a perturbed single-null discharge the unper-
turbed saddle becomes good initial guess for the UPO.

In the neighborhood of the fixed point ˜ ∈P S the invariant 
manifolds dominate the geometry of the field lines (figure A2). 
A localized set of points around P̃ will be stretched along the 
unstable manifold as we apply the Poincaré map M repeatedly, 
and the same set of points will be stretched along the stable 
manifold upon repeated applications of M−1. To only visualize 
the manifold cut it is sufficient to initialize a large number of 
points around P̃, and apply repeatedly the map or its inverse 
respectively. However, this method results in a scattered rep-
resentation of the manifold, which can not be optimized in 
a controlled fashion and can not be generalized to represent 
the manifold in three-dimensions, which may be desirable for 
comparison with tangential imaging of the plasma edge. In 
this work we use the local behavior of the field lines around 
P̃ to calculate a local representation of the manifolds by 
adjusting a set of stretched points with a polynomial of order 5 
or 7 containing the fixed point for both the stable and unstable 
manifolds. Then we use an adaptive algorithm to build the rest 
of the manifold in the transverse surface S.

For this task we use the magman routine, which consists 
in applying the Poincaré map repeatedly to a local segment 
of the manifold around P̃ (figure A2). The spatial resolution 
of the manifold is preserved by means of a refinement pro-
cedure that enables the introduction of new field lines where 
they are needed (figure A3), avoiding the introduction of new 
orbits very close to P̃ and preventing the clustering of points 
in other regions of the manifold. This method uses the points 
describing the manifold segment in the previous iteration to 
calculate new initial conditions at the places where the dis-
tance between consecutive points becomes larger that some 
critical distance dc. This critical distance was estimated by 
requiring that the lobes were well resolved. For this, we esti-
mated the characteristic lobe size and required it to be one 
order of magnitude larger than dc.

The new points are calculated with Lagrange polyno-
mials at the cutting surfaces to insert the required new orbits 
smoothly within the sequence of existing ones. The magman 
routine is similar to the mafot about the propagation of local 
segments [14], but differs in the dynamic refinement of the 
segment. magman also allows us to continue the manifold 
along material objects, like the divertor tiles and the vacuum 
chamber without extra calculations or resolution loses, also, it 
returns an organized sequence of points that can be connected 
with segments to represent the manifold.

To illustrate the importance of having an organized and 
well distributed sequence of points we calculate the invariant 

manifolds of the EFIT equilibrium reconstruction for the shot 
#158826, when subjected to an external n  =  3 perturbation. 
For comparison, we represent the manifolds by mapping a 
set of 7500 random initial conditions close to the UPO for 9 
toroidal cycles. In figure A4 we compare the resulting scatter 
plots from the random sampling with those from magman, 
which in addition are organized and can be joined smoothly.

The comparison is performed so that the number of points 
representing the manifold in the random and adaptive calcul
ations is the same. For the presented results, the magman 
calculation requires only 10% of the mappings required 
by the random sampling method and involves only 5% of 
its integration steps and computation time, this happens 
because the lobes of the manifold develop in regions where 
the adaptive step integrator performs larger steps. If the com-
parison is performed so that we obtain the same quality rep-
resentation with both methods the number of random initial 
conditions must be tripled, and the number of required map-
pings for the random method will be 30 times the required 
by magman. Consequently, the computation time would be 
about 60 times that required by magman for a plot with the 
same quality.
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