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Abstract

We consider the single mode dynamics of a self-pulsating semiconductor laser model under modulated injection
current. The observation of a chaotic regime for a wide range of parameters suggests the usefulness of this model for
high-speed secure optical communications. A possible way to achieve symbol encoding by using such a laser as a light
source is to control its chaotic dynamics. We study the stabilization of periodic orbits embedded in the chaotic invariant
set of the system by applying perturbations on the amplitude of the injection current.
© 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Some of the advantages of semiconductor lasers are their wide wavelength coverage, compactness, high efficiency,
power, lifetime and reliability; besides the fact that it is electrically pumpable [1]. Many semiconductor laser devices are
found in a large variety of applications, from the miniature models used in laser pointers and CD players to state-of-the-
art uses in high-speed optical communications. Of special relevance as light sources for digital communications are
semiconductor lasers with wavelength constraints, such as vertical cavity surface emmiting lasers (VCSEL’s) and dis-
tributed feedback lasers (DFB’s), since their single mode operation is a requirement in long distance optical commu-
nication systems [2,3]. They typically have wavelength constraints which may cause a negative gain suppression factor
and consequently a self- pulsating behavior [4,5]. These oscillations are preserved if a steady injection current is applied,
but if the injection current is modulated, a more complex behavior is expected, like periodic orbits, quasiperiodic and
chaotic behavior, and crises [6,7].

Chaotic behavior in diode lasers can be useful in the sense that we are able to encode and securely transmit in-
formation. In the first place one has to identify a chaotic attractor in the system, and analyze the free-running chaotic
oscillations displayed by the uncontrolled laser source, in the presence of current injection [8]. Symbolic dynamics can
be used to associate symbol sequences to the orbits embedded in the chaotic attractor in the state space. A given
message is encoded if the chaotic trajectory is controlled by small and carefully chosen perturbations on a system
parameter [9].

These controlling perturbations can steer the chaotic orbit to an unstable periodic orbit embedded in the attractor,
and related to some symbolic sequence one desires to generate. The chaotic nature of the orbit is a key factor here, since
the control is achieved by means of small perturbations, such that the laser system is only slightly affected by the
external intervention. The encoded message is masked by the irregular nature of the chaotic oscillations and can be
securely decoded by another system which is put in synchrony with the message source [10].
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Chaos control in lasers has been extensively studied in recent years, as in a bulk cavity ring oscillator, used as a
bistable resonator [11]; and in a single-mode CO, laser with an electro-optic feedback on the cavity losses [12].
Communication using chaos has been experimentally demonstrated by using electronic circuits [13,14], but these sys-
tems typically allow information transmitted at bandwidths in the kHz range. Chaotic laser sources, on the other hand,
work at bandwidths of hundreds of MHz, hence at a much higher speed than electronic circuits [15]. This possibility has
been verified using erbium-doped fiber ring lasers (EDFRL’s), which operate in wavelengths for which the losses in the
optical fibers are minimized [16]. In the latter experiment, the output beam was generated from a tunable semiconductor
laser.

In this paper we explore the dynamical properties of semiconductor lasers with modulated injection current, in order
to investigate the possibility of generating light waves with chaotic fluctuations of intensity for securely transmitting
information using the richness of chaotic behavior. Firstly we make a dynamical characterization of chaotic motion
through numerical integration of the single mode equations and analysis of the parameter space. In the second place we
control the chaotic dynamics stabilizing embedded periodic orbits by using perturbations applied on an accessible
system parameter.

Dynamical regimes in a semiconductor laser model with modulated current injection were reported in previous
papers which emphasize the onset of self-pulsation [3,5], as well as its dynamical similarity with a class of one-di-
mensional circle maps [7]. It was found that chaotic dynamics can be achieved by many routes, as period-doubling
cascades, type-I intermittency, and crisis-induced intermittency (chaos—chaos switchings). Chaos control will be nu-
merically demonstrated in this paper using both the OGY method [9]and the inclusion of a second injection current
source [17].

This paper is organized as follows: Section 2 introduces the model equations describing the behavior of the driven
semiconductor laser model used in this work, and surveys some of its known dynamical properties. Section 3 presents
results on a method of chaos suppression in this model, whereas in Section 4 we show periodic orbit stabilization using a
feedback control technique. Section 5 contains our conclusions.

2. Diode laser model

Some types of semiconductor lasers as VCSEL’s operate in single mode, a useful property for long-distance and
high-speed communications [2,3]. This also reduces the number of equations to describe the diode laser behavior. In
this case, the physical variables of interest are S, the density of laser photons, and N, the density of carriers. A two-
dimensional vector field is formed by the rate equations for these variables, and the main source of non-linearity is
represented by the cross products of S and N, present in both equations, the proportionality factors being related to the
gains due to stimulated emission [18].

The wavelength constraints exhibited by diode lasers such as VCSEL’s and DFB’s give rise to a negative gain
suppression factor [4]. This fact has been shown to be related to laser self-pulsation even under a steady injection
current Ipc of carriers [5]. In the case where this injection is modulated with a given amplitude and frequency

(1) = Ipc + Iac sin(Qq), (1)

where 7 is physical time, there may occur a more complex behavior, like mode-locking, quasiperiodic response, chaotic
oscillations, and crises [3,6,7]. The non-linear response of self- pulsating laser diodes to externally injected optical
signals has been used to investigate their synchronization properties [19].

In order to study these features far from the equilibrium, we shall consider a driven diode laser model with two rate
equations for the photon and carrier densities, denoted by S(z) and N(t), respectively, and written as [5]

dN 1

= VW = N)(1 = €$)S — kN + (1), 2)
ds

3, = TV = N)(1 = €8)S — kS + kTN, (3)

where y is the optical gain coefficient for stimulated emission, and %, is the decay rate for spontaneous emission, equal to
the inverse carrier lifetime (k, = 1/7,). Similarly, &, is the decay rate due to loss of photons by effects like mirror
transmission, scattering, etc.; and it is equal to the inverse of the photon lifetime (k, = 1/1,).

The other physical quantities in the above rate equations are: /() is the injected current in the active region, « is the
product of the electronic charge and the active volume region, f§ is the fraction of spontaneous emission in the lasing
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Table 1
Values of the physical quantities for the semiconductor laser model [5]
Parameter Value
T, 1.49 ns
T 3.89 ps
o 1.58 x 107 Am?’s
r 0.986
B 1.0 x 1073
N 9.26 x 102 m3
y 8.69 x 10713 m? s7!
€ -22x 1072 m3

mode, M, is the carrier density required for transparency, € is the gain suppression factor, and I’ is the mode confinement
factor. The values for these parameters which are to be used in the forthcoming numerical simulations are given in
Table 1.

The distinctive feature of this model is the presence of a negative gain suppression factor (e < 0), what opens the
possibility of self-pulsation. This model was first investigated by Bennett et al. [5], through a linear stability analysis,
confirming the onset of self-pulsations due to the lack of relaxation oscillation damping, as well as the possibility of
chaotic oscillations. Some of the dynamical regimes found in this work were further studied in a previous paper [7],
where we investigated the existence of type-I intermittency and crisis-induced intermittency (chaos— chaos switchings) in
the dynamics of this model.

For convenience of numerical analysis, we define normalized variables as follows

x1 = |e|N, x; =|€lS, t:l, (4)

n

as well as the non-dimensional parameters

It n VTn n
gy =0mld ey E=T Forp =S, H=1ID, (5)
o le| T, lel

so that the model equations are rewritten in the form
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Fig. 1. Dependence of the (a) real part, and (b) imaginary part of the eigenvalues for the linearized system around the equilibrium
solutions of Eqgs. (6) and (7), on the steady injection current 4. The arrow indicates the point where a Hopf bifurcation occurs, at
Ay =28.21.
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X = —Xx| —C(x1 —D)(I—GXZ)Xz‘Fj(l‘), (6)
).Cz = Fx1 — EX2 + H(x1 — D)(l — GXZ)Xz, (7)

where the normalized current injection is given by

S(t) = A+ B sin(W) (8)

with 4 and B being the corresponding DC and AC amplitudes, respectively, and W the modulation frequency.

The steady injection case (4 # 0, B =0) for small values of A has as the equilibrium point a stable node, that
undergoes a supercritical Hopf bifurcation for 4 = Ay ~ 28.21, for the parameters listed in Table 1. This can be inferred
from the behavior of the real (Fig. 1(a)) and imaginary (Fig. 1(b)) parts of the eigenvalues of the Jacobian matrix related
to Egs. (6) and (7), and evaluated at the equilibrium points. For 4-values not far from Ay there is a stable limit cycle. In
Fig. 2 we show such an attractor for the case 4 = 40.44 > Ay, as well as two trajectories from different initial conditions
which asymptote to it. The time rate of change of the phase at the limit cycle is a “natural” frequency found to be
Wy = 11.70, physically representing a laser self-pulsation with frequency 1.25 GHz. From now on, we shall fix the DC-
part of the injection current amplitude at this value.

If a modulated injection current in the form (8) is applied, the dynamics becomes of a periodically driven limit-cycle
oscillator. When the dissipation is strong enough, its dynamics is similar to that of a one- dimensional circle map
[20,21]. In fact, we observe in the modulation parameter space (B versus W /W) a structure akin to that displayed by a
sine-circle map, as depicted in Fig. 3, where the maximal Lyapunov exponent 4, is plotted in grayscale. The darker the
pixel, the lesser is the exponent.

For small modulation amplitudes we have the Arnold tongues corresponding to the mode-locking regions anchored,
on the B = 0 axis, at harmonics of the natural frequency W, i.e., at W = nW,, with n = 1,2,3, ... [22]. The darker lines
inside the tongues indicate superstable orbits, for which the exponent diverges to minus infinity. These Arnold tongues
are intertwined with quasi-periodic regions, for which the ratio /W, is an irrational number. These tongues start to
overlap for higher B-values, when the corresponding one-dimensional dynamics is no longer invertible, and there result
regions of chaotic dynamics (the bright regions in Fig. 3) mixed with multistable periodic and quasiperiodic ones.

In Fig. 4(a) we depict such a chaotic attractor, where we have picked up a point in the Lyapunov plot of Fig. 3 at
B =129.03 and W = 37.44 = 3.2W,. This figure results from a stroboscopic, or time-7 map, where 7 = 2r/W is the
period of the external injection current. The fractal nature of this attractor is apparent when a particular region of it is

enlarged (Fig. 4(b)), showing a self-similar band structure with folds due to homoclinic crossings between stable and
unstable manifolds.

1 o_s 1 1

Fig. 2. Limit cycle in the phase plane (x,x,) for 4 = 40.44. Dotted lines represent two trajectories, starting from different initial
conditions, that asymptote to the attractor.
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W/Wo

Fig. 3. Lyapunov plot of a region of the modulation parameter space (B versus W) for the laser diode model. The maximal exponent is
represented in grayscale, for which the larger the exponent the brighter is the corresponding pixel.

3. Suppression of chaos

Suppression of chaos due to weak periodic perturbations applied on an externally driven oscillator has been pro-
posed by Braiman and Goldhirsch [17], where an AC-driven Josephson junction equation is considered. There was
added a weak external sinusoidal forcing, beside the main driving. Many interesting features were observed: (i) the
elimination of chaotic dynamics, or at least a decrease in the maximal Lyapunov exponent; (ii) the stabilization of
narrow subharmonic steps; and (iii) a non-monotonic behavior of the winding number as a function of the control
parameters. Earlier works have proved that stabilization of periodic orbits is also possible by the application of external
periodic forcing at resonant frequencies [23,24].

For a chaotic attractor, like that shown in Fig. 4, there is an infinite number of embedded unstable periodic orbits
[25]. Since our system is a non-autonomous one, these periodic orbits are harmonic or subharmonic responses to the
external forcing, representing laser pulsations of periods equal to integer multiples of 7= 2n/W. In principle, any of
these orbits is stabilizable and, in fact, the following section illustrates a control method for stabilizing some desirable
orbit from a large number of choices. Applying a second and weak periodic perturbations is equivalent to let the system
choose by itself what is the periodic orbit it wants to settle down in, for a given forcing amplitude.

For our laser diode system this strategy consists on the addition of a second weak current injection source, with a
small amplitude K, when compared with the main driving, and a frequency mismatch b

F(1) — A+ B sin(Wt) +J sin(bW), 9)
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Fig. 4. (a) Poincaré (stroboscopic) map for Egs. (6) and (7) with 4 = 40.44, B = 29.03, and W = 37.44. (b) Enlargement of the small
box depicted in (a).

where it is required that J < B. In principle the frequency mismatch may be any real number in the [0, 1] interval, but if
b is an irrational number it follows that the system is quasiperiodically forced. In this case it was proved that there may
appear strange (i.e., fractal) but non-chaotic attractors [26].

We analyzed the effects of applying this second current source to the system for parameters leading to the chaotic
attractor depicted in Fig. 4. The values of J and » have been chosen to steer the chaotic trajectory to some embedded
periodic orbit, which amounts to stabilize this orbit. Let us fix the frequency mismatch to a rational value b = 0.4 and
vary the second amplitude J. In Fig. 5(a) we depict the corresponding bifurcation diagram for the phase-space coor-
dinate x;, with the related maximal Lyapunov exponent being shown in Fig. 5(b). It follows that we can suppress
chaotic behavior when J > J, ~ 2.67 for a relatively large window, with chaotic bands showing up again for J = 4.20.
Since J. is = 9% of B, one is able to suppress chaos with a rather weak current source, mismatched in frequency with the
main driving. As an illustrative example, in Figs. 6(a) and (b) we show examples of phase portraits for uncontrolled
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(J = 0) and controlled attractors, respectively, when J = 2.77 > J.. The latter case corresponds to a period-5 orbit that
has been stabilized by the perturbation.

To investigate what is the influence of the frequency mismatch b on taming the chaotic dynamics, we present in Fig.
7 a Lyapunov plot of a region in the parameter plane (J versus b) of the second periodic source. As in Fig. 3, the darker
the pixel, the smaller the value of the maximal Lyapunov exponent. Black pixels, accordingly, indicate negative values
for it, corresponding to states for which chaos has been suppressed. There are a few isolated regions of stability,
embedded in a predominantly chaotic sea.

4. Stabilizing periodic orbits
A disadvantage of the previous control scheme is the difficulty on choosing the period of the orbit to be stabilized for

a given value of the perturbation parameter. For example, for the case depicted in Fig. 6 the only stabilizable orbits
have periods higher than five and, even so, the higher periods are quite difficult to resolve for there is a period-doubling
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Fig. 5. (a) Bifurcation diagram of x; as a function of the second current injection amplitude J, for b = 0.4. The remaining parameters
are the same as in Fig. 4. (b) Maximal Lyapunov exponent versus J.
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Fig. 6. (a) Phase portrait of the chaotic attractor for the same parameters as in Fig. 4. (b) Controlled periodic orbit obtained with a
second current source with J =2.77 and b = 0.4.

cascade with a fast accumulation of bifurcations. If we would like to obtain a period- 1 orbit, for example, a thorough
investigation of the parameter plane should be made in order to find a pair of values (J,b) that would steer chaotic
oscillations to this periodic orbit. This is clearly a time-consuming task, and may be impracticable in an experiment.

In order to be able to choose what periodic orbit we would like to stabilize, we need a feedback scheme that teach us
a control law for the necessary perturbation values. One of such feedback control methods uses a linearization of the
dynamics in a small neighborhood of the periodic orbit one wants to stabilize, and derives a control law giving the value
of the perturbation which, when applied to an accessible parameter, directs a chaotic trajectory to the stable manifold of
a perturbed periodic orbit [9]. The ergodic nature of the dynamics is then invoked to ensure that the approach to a
periodic orbit embedded in the chaotic attractor occurs for a time interval that scales with the size of the neighborhood
chosen. In this way we are able to stabilize any embedded periodic orbit by applying only small perturbations [27]. This
technique is particularly important in communication applications, where we may want to encode some symbolic se-
quence in a chaotic signal by making only small perturbations on a system parameter [8].

We shall briefly outline the basics of this technique. Let a N-dimensional map be written as

2,41 = F(z,,p), (10)
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Fig. 7. Lyapunov plot of a region of the modulation parameter space for the second injection current. The grayscale is the same as in
Fig. 3, and the parameters are the same as in Fig. 4.

where z € RY, and p € R is a control parameter that can be externally perturbed. If the original dynamical system is a
periodically driven continuous time flow, as in the diode laser model with modulated current injection, F can be re-
garded as the time-T stroboscopic map.

Suppose that for a value p = p of the control parameter there exists a chaotic attractor of the system. In principle any
of the embedded periodic orbits can be chosen to be stabilized by using small perturbations on p. We choose the orbit
that would give us the desired performance. By a small perturbation we mean that we restrict the (time-dependent) p-
values to lie in some small interval

lpn — Pl <9, (11)

where |0/p| < 1, and if p, is outside this interval we consider p, = p [28].

To understand how an arbitrary periodic orbit can be stabilized by this technique, let us consider a small neigh-
borhood of size ¢ of the periodic orbit to be stabilized. In this neighborhood the system F is approximately linear, and
the orbit is stabilizable by feedback control [29]. A typical chaotic trajectory in the attractor eventually enters the
neighborhood of the desired periodic orbit, regardless of how small ¢ is. Once this occurs, we apply perturbations
according to a linear control law and keep the trajectory close to the chosen periodic orbit.

The time interval for entering in such a neighborhood is also the length of a chaotic transient orbit. The average time
to achieve control (7) was found to scale algebraically with the maximum allowed perturbation o: (7) ~ ¢~ "' [9]. The
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exponent 7y, is related to the stable and unstable eigenvalues of the periodic orbit being controlled, for two-dimensional
diffeomorphisms [30]. This method is rather robust to external noise, since every time a trajectory is kicked off the
controlled orbit, it turns out that the control is reactivated, bringing the trajectory back to the desired orbit.

The periodic orbit to be stabilized can be an unstable fixed point z* of the map (10) or a point belonging to a period-¢
cycle. In the latter case it is a fixed point of the g-times iterated map. Writing z*(p) means that this orbit is embedded in
the chaotic attractor that exists for p = p. If the ¢-neighborhood is small enough, and the values of the control pa-
rameter p, are close to the p, we can linearize the map (10) in both z and p variables:

Z,41 —2°(p) = M(z, — 2" (p)) + N(p, — p), (12)
where
F F
M — oF ’ _CF (13)
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Fig. 8. (a) Bifurcation diagram for x; as a function of the current amplitude B, for 4 = 40.44 and W = 14.04. The arrow indicates the

value B = B = 16.86, for which the system has a chaotic orbit to be controlled. (b) Maximal Lyapunov exponent versus B.
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are the N x N Jacobian matrix and a column matrix of derivatives with respect to the control parameter, respectively,
evaluated at the periodic orbit and at p.
Likewise, we assume a linear control law for the parameter p in the form

Dn 71_7 = 7KT(ZVI - Z*(p)% (14)

where K is a row matrix with entries chosen so that the fixed point z*(p) is stabilized under the perturbation. Inserting
(14) into (12) we have

Z,1 — 7' (p) = (M —NK")(z, — 7' (p)), (15)

so that z*(p) will be stable if the matrix M — NK” has eigenvalues with modulus less than unity. This can be done by
choosing appropriate values for the elements of the matrix K. A standard technique for this problem is the pole
placement one [31].

For the semiconductor laser model focused in this work we have z, = (xln,x2,,)T, where x;, and x,, are the normalized
carrier and photon densities, respectively, sampled at times ¢ = n(2n/W), with integer n. Moreover, we will use the
external injection current amplitude B as the control parameter p. We shall fix the injection current frequency at

28.0

x,(iT+2T)

Fig. 9. (a) First and (b) Second return maps of x; for B = B = 16.86 and the same remaining parameters as in Fig. 8. The arrows
indicate the orbits that are to be stabilized.



338 E.F. Manffra et al. | Chaos, Solitons and Fractals 15 (2003) 327-341

Table 2
Some unstable low-period orbits embedded in a chaotic attractor for 4 = 40.44, W = 14.04, B = 16.86, and the corresponding values
of the derivatives M and N defined by Eq. (13)

Period Orbit points (x},x}) M N

1 (25.62,2.62 x 1079) —2.11 -196.91

2 (25.28,2.19 x 107%) -1.95 —-237.76
(26.86,6.93 x 107¢) —-1.96 -67.44

W = 14.04 = 1.2W,, since it is near a 1/1 mode-locking region (see Fig. 3), in the vicinity of which there are a large
number of low-period orbits to be controlled. In Figs. 8(a) and (b) we present a x;, — B bifurcation diagram for the
time-7 map, along with the corresponding maximal Lyapunov exponent. There are quite large intervals of B for which
we have chaotic dynamics. We choose the injection current amplitude value B = p = 16.86 (indicated by an arrow in
Fig. 8(a)) for which the system has a chaotic attractor.

Previous works [5,7] have indicated that, for a wide portion of the modulation parameter space (B — W), the dy-
namics of (6) and (7) is similar to that of a non-linear circle map. This is further supported by the fact that the second
Lyapunov exponent (4,) for the laser diode system remains between —55 and —80, what indicates a strongly dissipative

28.0

x,(nT)

260+ . .° n 1

25.0 . . .
0.0 100.0 200.0 300.0 400.0

(a) n
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0.001 | b

0.000 s

Ap

-0.001 B

-0.002 L L L
0.0 100.0 200.0 300.0 400.0
(b) n

Fig. 10. (a) Time series for the stroboscopic map of x; showing the stabilization of period-2 and period-1 orbits. (b) Corresponding
values of the parameter perturbation ép = 68 = B, — B. The remaining parameters are the same as in Fig. 9.



E.F. Manffra et al. | Chaos, Solitons and Fractals 15 (2003) 327-341 339

system, in such a way that the dynamics is effectively one-dimensional [7]. We shall use this fact to simplify the ap-
plication of the OGY control technique. In this case the state vector z is one of the coordinates, say x;, and the matrices
M and N reduce to scalar derivatives.

Our goal is to stabilize an unstable fixed point and a period-2 orbit embedded in the chaotic attractor at B = B.
These orbits were numerically determined from the first and second return maps for the x; coordinates of the time-7'
stroboscopic map, respectively (Figs. 9(a) and (b)). The results are presented in Table 2, where we also indicate the
values of the derivatives M and N that were numerically obtained through least-squares fits using points in the
neighborhood of these unstable orbits.

We apply parameter perturbations on the injection current amplitude according to the technique described in this
section. Fig. 10(a) shows the stabilization of both the fixed point and the period-2 orbits, for different times. In Fig.
10(b) we depict the corresponding values of the perturbation needed: dp = 6B = B, — B. The time to achieve control,
once the perturbation is switched on, is very short for both orbits, indicating that we do not need to use targeting
techniques [32,33] to increase the efficiency of control for this system. Figs. 11(a) and (b) show phase portraits of the
continuous time laser diode model for the two controlled orbits shown by Fig. 10. In the background we depict the
chaotic attractor where the periodic orbits came from.

1 1
200 220 240 26.0 280 30.0

20.0 22.0 24.0 26.0 28.0 30.0
(b) X,

Fig. 11. Poincaré (stroboscopic) maps for (a) period-1 and (b) period-2 orbits stabilized. In background we depict the chaotic attractor
in which these orbits were embedded.
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5. Conclusions

High-speed telecommunication using fiber-optic networks demands the use of semiconductor lasers. Secure infor-
mation transmission would require a laser source that is able to respond to small perturbations in an accessible pa-
rameter. This is the reason we have chosen a single mode laser diode model with current injection, since the latter is an
experimentally feasible way to generate a signal in which we encode some symbolic sequence. To achieve this goal we
need to identify, characterize, and control chaotic dynamics in this system. In this paper we aimed to accomplish the
latter task.

Two control strategies were used. In the first, a second applied current source is applied to the system with the
purpose of either to suppress chaos or decrease the leading Lyapunov exponent. The second scheme uses a feedback
mechanism to design the application of small perturbations on a system parameter, in our case the amplitude of the
injected current, to stabilize periodic orbits embedded in a chaotic attractor of the system.

The first technique would be useful to suppress chaos when it is undesirable for some practical reason, for example a
large signal-to-noise ratio. It is a rather easy technique to implement experimentally, since the same physical mechanism
responsible to the main injected current source can be used to generate a second weak signal. However, it does not allow
an easy choice of the orbit to which we want to steer the chaotic trajectory. We have used this technique to stabilize a
chaotic trajectory to a period-5 orbit by using a second source with less than 10% of the main source amplitude.

On the other hand, the OGY chaos control method takes advantage from the fact that the system is chaotic, and use
its inherent flexibility to stabilize trajectories of arbitrary period. It involves a feedback mechanism that demands some
high-speed and low-power electronics and is quite robust with respect to external noise.

We have demonstrated the usefulness of the OGY method for stabilizing orbits of periods one and two, embedded in
a chaotic orbit. The control parameter was the amplitude of the injected current. The maximum perturbation strengths
needed in the case studied were less than 0.01% of the injected current amplitude. Hence, it involves the use of very
small perturbations, when compared with the main source of external driving. In principle, the price to pay for such a
smallness would be a large time to achieve control, but if this happens we can resort to targeting techniques to decrease
this transient length to a value that is experimentally reasonable.
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