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The Structure of Chaotic Magnetic Field Lines
In a Tokamak with External Nonsymmetric
Magnetic Perturbations

Elton César da Silva, Iberé Luiz Caldas, and Ricardo Luiz Viana

Abstract—We consider the effects of external nonsymmetric counterbalanced by the Lorentz force that appears due to the
magnetostatic perturbations caused by resonant helical windings interaction between the plasma current and the magnetic field,
and a chaotic magnetic limiter on the plasma confined in a in an equilibrium configuration [2]

tokamak. The main purpose of both types of perturbation is to S . . .
create a region in which field lines are chaotic in the Lagrangian A Hamiltonian approach to this situation consists of a pa-

sense: two initially nearby field lines diverge exponentially rameterization of the field lines by means of a spatial ignor-
through many turns around the tokamak. The equilibrium field able coordinate. With respect to this coordinate, the equilib-
is obtained from the equations of magneto-hydrodynamic equi- rjum configuration must exhibit a symmetry. This parameter
librium written down in a polar toroidal coordinate system. The plays the role of time in the Hamilton canonical equations, the

magnetic fields generated by the resonant helical windings and - . ) - . )
the chaotic magnetic limiter are obtained through an analytical other variables being field line coordinates and/or magnetic sur-

solution of Laplace equation. The magnetic field line equations face labels as well [3]. One of the advantages of this approach
are integrated to give a Hamiltonian mapping of field lines that we is the possibility of describing field lines by means of Hamil-
use to characterize the structure of chaotic field lines. In the case tonian maps, reducing the number of degrees of the system [4].
of resonant windings, we obtained the map by both numerical |, this framework, symmetry-breaking magnetic field perturba-
integration and a Hamiltonian formulation. For a chaotic limiter, . . . . . L
tions alter this behavior, and field lines may become chaotic in a

we analytically derived a symplectic map by using a Hamiltonian ar ) A -
formulation. lagrangean sense: two initially nearby field lines diverge expo-

. L I nentially through many turns around a toroidal system [5], [6].
_ Index Terms—Chaotic magnetic limiter, Hamiltonian formula- A context in which the existence of chaotic magnetic field
tion for field line flow, magnetic field line mapping, magnetic per- . R . -
turbations in tokamaks, resonant helical windings. lines has profound implications for the plasma confinement in
tokamaks is the control of the plasma-wall interactions. They
occur frequently as a result of collisions of particles—which
escape from the plasma and cross the vacuum region that sur-
USION PLASMA machines are based in some magounds it—with the tokamak inner metallic wall [1]. One of the
netic confinement scheme. Among the various schem@shnological problems in the operation of tokamaks turns to be
devised for fusion applications, the tokamak is one of tlBe control of these plasma-wall interactions [7]. The confine-
most promising candidates to achieve this goal. Tokamaks anent quality is affected by the presence of impurities released
basically toroidal pinches in which a plasma column is formdeiom the inner wall due to sputtering processes caused by local-
by ohmic heating of a low-pressure filling gas, produced bged energy and particle loadings. Controlling this interaction
electric fields generated in pulses by transformer coils. THhgads to a decrease of the impurity content in the plasma core
plasma torus is then confined by the superposition of two basiod improves plasma confinement.
fields: 1) a toroidal magnetic field produced by pick-up coils As an example, plasmas in modern tokamaks and Stellara-
mounted around the tokamak, and 2) a poloidal field generatieds are bounded by a separatrix between closed field lines
by the plasma column itself [1]. The combination of thesen toroidal magnetic surfaces and open field lines that direct
fields results in helical magnetic field lines. From a geometricalasma particles from the plasma edge to divertor plates [8],
point of view, it is convenient to view these field lines as lying®]. In this arrangement, the diverted plasma particles can be
on nested toroidal surfaces, called magnetic surfaces, on whiehycled and pumped in order to reduce impurity levels in the
the gradient of pressure that causes the plasma expansioplasma. In an ideal tokamak, the separatrix is a sharp surface,
but asymmetries in the equilibrium field create a layer of
chaotic field lines between the last confining surface and the
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field line behavior due to an ergodic divertor is near-integrablperipheral islands have a significant width. Therefore, the inner
and has been intensively studied by means of Hamiltoniaegion of the plasma column is not supposed to be noticeably
maps in tokamaks [5], [12], as well as in Stellarators [13].  affected by a CML.

Like an ergodic divertor, a chaotic magnetic limiter (CML) A theoretical description for the CML, using this conceptual
creates a “cold” boundary layer of chaotic magnetic field lines imackground, was pioneered by Martin and Taylor, who have pro-
the peripheral region of the tokamak [14]. It has been argued tipatsed a model in which the magnetic field line behavior is de-
suitably applied chaotic magnetic fields can enhance heat awlibed by a map [27]. This map has been later improved by the
particle diffusion in this peripheral region of the tokamak vesselddition of toroidicity effects, and considering a design for the
so as to uniformize these loadings on the metallic wall [15GML rings that reflects the actual paths followed by field lines
[7]. A design for the CML consists of one or more grid-shapef@8]. Hamiltonian descriptions for field line behavior have been
coils of finite width and wound around the torus, each of thenecently proposed for the CML [29], RHW [30], and ergodic di-
with wires that conduct electrical currents in opposite sensesrtor [5].
for adjacent segments. The magnetic field generated by suct\n efficient design for an RHW or a CML depends on an
configuration falls down rapidly with the distance from the walladequate choice of equilibrium and perturbing magnetic fields,
and can interact with the equilibrium magnetic field in order tas well as a convenient coordinate system that evidences the
create chains of magnetic islands in the peripheral region of ttesonant effects [31]. Following a large number of field lines
torus. through numerical integration of their differential equation typi-

Another scenario where chaotic field lines play a role in theally requires a considerably large computer time, and is a rather
plasma behavior is the case of disruptive instabilities. Severe elmsatisfactory way to determine how chaotic field lines behave
structions to the obtention of long lasting plasma confinementivhen model parameters are changed. To answer this and other
fusion devices are the existence of instabilities and anomalaoetated questions, we would benefit from an analytically ob-
particle transport. An experimental method to artificially protained map for field lines. Early studies used the well-known
duce this chaotic region is the use of conductors wound ext€hirikov—Taylor standard map [32], however this and other re-
nally around the device vessel wall in a suitable way [16]-[18]ated twist maps may not be appropriate to model some other
An example is provided by resonant helical windings (RHWfJeatures of field line behavior. Simple analytical maps were in-
which are helical coils that create resonant magnetic perturlb@duced to describe separatrix chaos in a single-null [11] and
tion inside the plasma. Disruptive instabilities in tokamaks aergodic divertor [12]. Balescet al. have proposed a general
typically preceded by Mirnov oscillations, which are fluctuaelass of Hamiltonian maps to describe a wide variety of field
tions of the poloidal magnetic field that can be detected by magie configurations [4], [33].
netic probes [19]. The use of RHW has been proved to inhibit In this paper, we will describe in some detail how the equilib-
these oscillations below a threshold value of the perturbatiomm and nonsymmetric perturbing magnetic fields are obtained,
[17], [20], [21]. An RHW creates a magnetic island structurand how a Hamiltonian map can be derived by using these model
within the plasma column that hinders a rotation of the magnetields. For an RHW, we have obtained this map numerically.
hydrodynamical (MHD) modes. Magnetic islands are field linBhase portraits are shown in order to evidence the creation of
structures of tubular shape that wind around the torus. A crasghaotic field line region. For a CML, we were able to obtain
section of these islands reveals a phase portrait (in Hamiltoniamalytically the map, by using as a tool a Hamiltonian formula-
maps) very similar to pendulum trajectories in phase space [28pn for field line flow. The methods here exposed, however, are

Minor, or soft disruptions can occur within the plasma imot restricted to the specific models we use and may be adapted
the region comprising the main island and its satellites, leadit@consider other related situations in which there is an external
eventually to the loss of confinement. The creation of a thiagkagnetic perturbation, like error fields.
layer of chaotic magnetic field lines in this region is responsible The toroidicity of the equilibrium plasma configuration puts
for these minor disruptions [16], [17], [23]. The onset of chaotisome restrictions on the use of common toroidal coordinates,
behavior of magnetic field lines in a tokamak with RHW hasince it is desirable that coordinate surfaces should coincide
been studied by several authors [24]-[26]. The origin of chaotis much as possible with actual magnetic surfaces of the
field lines is the interaction between magnetic islands produceduilibrium field. A coordinate system devised to deal with
by the perturbing field on the equilibrium structure. An RHWhis problem was proposed by Kucinski and Caldas [34]. The
would cause destruction of part of the equilibrium magnetic suekamak equilibrium field will be obtained as an approximate
faces if toroidal effects are taken into account, and if the pertnalytical solution, in this coordinate system, of an elliptic
bation is strong enough [25]. partial differential equation for the poloidal magnetic flux,

Since the action of either an RHW, an ergodic divertor, oria an ideal MHD equilibrium theory. The perturbing EML
CML, is a symmetry-breaking perturbation of the equilibriunfields will be obtained through an explicit solution of the
magnetic configuration, the magnetic islands that appear in thaplace equation, supposing they are vacuum fields. The total
plasma due to their operation are expected to have a thin regimagnetic field will be the superposition of these fields, which
of chaotic field lines attached to the neighborhood of their sepia-justifiable when the plasma response is negligible. This turns
ratrices [22]. The generation of a thick chaotic region, essentialbe the case in the majority of situations, except for states of
to the RHW or CML action, can be achieved by means of threarginal stability, that are not considered in this work.
interaction between adjacent island chains. In the CML case,This paper is organized as follows: in Section I, we present
due to the fast radial decrease of the perturbation field, only ttiee equilibrium magnetic field calculation by solving the corre-
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sponding MHD equilibrium equation. Section Il is devoted tonay be used to derive an elliptic partial differential equation for
the obtention of the perturbing magnetic field due to an RHWhe equilibrium poloidal magnetic flux, which bears the names
showing numerically obtained maps. In Section IV, we derivef Grad, Shafranov, and Schliter, who have derived it in the
the magnetic field due to a CML, and show how to build an atate 1950s [2]. The corresponding equation in the polar toroidal
alytical area-preserving map for field lines. The last section $ystem is [36]

left for our conclusions. An Appendix is included on the coor-

dinate system used in this work. 19 - AT +i 9?0,
7 Ory Ory r? 067
Il. TOKAMAK EQUILIBRIUM MAGNETIC FIELD d , 2
Wi .. .= NO']30(\I/ )+LL0R62 ﬂ 2—t COSs 9t+—t Sin2 et
e suppose that the tokamak plasma is in a state of static p dv, \" R} R 2
MHD equilibrium. By using the ideal MHD equations, we have ,
that [2] T o, 1 0Y,
- 0,2 —_ 7
+R6 [COS t< or? +7’t ry
Jo x Bo = Vpo @) 199, 2 9V
where ri 96, ry 06,01y
‘];0 plasma_eqfw:lclirlum electric current density; where.Js, is the toroidal component of the equilibrium plasma
o Mmagnetic field; current density, given by
Do kinetic pressure.
Taking the dot product of (1) witlB, results in 2 dpo d (1
J30(¥,) = =Ry —— — — | ~pol? 5
30( p) 0 av, 4y, <2N0 ) (5)

Bo.vpo =0 (2)
wherel = I(r, 6;) is the poloidal current function, that is
such that the equilibrium magnetic field lines lie on constamite current density flux through the same surface used in the
pressure surfaces with topology of nested tori, knowmag- definition of ¥,.
netic surfaces The equilibrium magnetic field contravariant components, in
Instead of the pressure, we may label these surfaces with otteems of the surface functions, and1, are
surface quantities, like the poloidal magnetic filrg, defined

as the flux ofBy through a ribbon from the magnetic axis to a plo__1 av, ©6)
coordinate curve. In this way, we may rewrite (2) in the form 0 Ryry 06,
1 9V
= B2 = P 7
By. V¥, =0. (3) 0= Rer ory (7)
Equations (1) and (3) show that all points of a magnetic surface B3 — ol ®)
the plasma pressure must be counterbalanced by the Lorentz 7 R?

force. The existence of magnetic surfaces may be regarderq
. . " where
as a necessary, albeit not sufficient, condition for plasma
confinement. In addition, to present closed magnetic surfaces 2 n w\? .,
the system must have some spatial symmetry. R =R, |1-2 <ﬁ> cos 0 — <ﬁ) sin® 6; . (9)
There are many coordinate systems to describe magnetic field 0 0

lines in a tokamak [35], its choice being dictated by the syngosed form solutions to the Grad—Schliiter—Shafranov equa-

metries exhibited by the system. For the so-called local cogfsp, gre relatively rare, especially in the coordinate system used
dinates(r, 6, ) that are a kind of cylindrical coordinates withpore. Hence, we will look for an approximate solution
toroidal curvature, the coordinate surfages= const. hardly

coincide with actual equilibrium magnetic surfaces. A better U, (re, 0;) = Upolry) + 6V, (e, 6;) (10)
choice would be the toroidal coordinaigs w, ¢), but their co-
ordinate surfaces are not suitable as well. We have used in thisere|6V,,| < |¥,0]. We expand/so anddp,/d¥, in powers
paper a polar toroidal coordinate system 8,, ¢, ) [34]which, of 6%, and retain first-order terms only. In the large aspect ratio
in the large aspect ratio limit, reduces to the local system. Flimit (R > b:), and supposing that in lowest order the solu-
ther details about these coordinate systems are found in the fipn ¥, does not depend oy, (4) reduces to the equilibrium
pendix. equation in a cylindrical geometry. The intersections of mag-
Consider a field line in a tokamak whef, denotes the ra- netic surfaced’,,(r;) = const. with a toroidal plang = 0 are
dius of the magnetic axis, that is shifted with respect to the gewat concentrical circles, but present a Shafranov shift toward the
metric major(Ry) due to a toroidicity effect (Shafranov shift).exterior equatorial region.
The tokamak minor radius is denoted by The spatial sym-  To solve (4), we need to assume spatial profiles for both the
metry is with respect to the azimuthal angle and the mag- pressurep and current functiod. In lowest order, however, it
netic surface labels depend only on the remaining coordinatissufficient to assume a single profile for the toroidal current
as the poloidal fluxt,, = ¥,(r, 6;). The MHD equations density./so, as given by (5) in terms gf and.. So, we choose
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a peaked current profile, commonly observed in tokamak di: 1.20
charges [2], and given by
IR 2\ 0.80 -
Jz0(re) = a2 (v+1(1- 2 (11)
where 040 ¢
I, total plasma current;
a(<b;) plasma column radius; 25 o0
~ positive constant.

This results in
-040 -

dv
U, (re, 0) = Upo(re) + =22 cos 6, | SA(x)dx  (12) %

th " R6
-0.80 -

where

v+1 2\ J

pol, Ry 1 7} 120 L ‘ ‘
s -y = 4 Y — {1 - — _t 13 -1.20 -0.80 -0.40 0.00 0.40 0.80 1.20
polr) === > = = (13)

= (R-Ry)/b

and

Fig. 1. Cross section (gt = 0) of some equilibrium magnetic surfaces of a

A -2 A 2 tokamak plasma, with, / Rq = 0.36,v = 3.0 andg =~ 1 at the magnetic axis.
A(re) =pp—1+ <n d7f’°> / X < d;(”) dxy  (14) P /Ro e g
t 0

~

toroidal turn. Consider the differential equations for the field
wheref, is the dimensionless ratio between kinetic and magnes in polar toroidal coordinates

1[1etic pfresiures.I I't tulrns out thA;‘Ulf =_a) is an asymmetry dr, B dé,  dey (20)
actor for the poloidal magnetic field, given by Bl 0)  B2re. 6)  B3(re, 60)
Ala) = %gi + 8, — 1, (15) The poloidally averaged safety factor is given by [1]
1 [ (dy 1 [* B3(r, 6,)
where¢; is the normalized internal plasma inductance by unit(7t) = —/ —o ) dfy = _/ % df;. (21)
|ength [1] 27 0 d91 27 0 BO (7t, 91)
In lowest order, we have found the following (contravariantS"Slng (17) and (18) in (21), results in
equilibrium magnetic field components 2\ 72
q= qc(Tt) 1-— 4R/t2 (22)
By =0 (16) °
where
+1
NOIP 7’3 v 41 —1
5y = oy [1 -(1-2) a7) . 2\
27 a o= () | @

-1

B = lioIe2 <1 _ ZLt, cos 9t> (18) In the following, we will choose ~ 1 at the magne_tic axis and
21 R, Ry g ~ b at plasma edger{ = a). We also normalize lengths

to the minor radiugb, = 1) and choose parameters so that

where!. is the external current that generates the equilibriupy r/ — .26 and~ = 3, which are values typical for tokamak
toroidal field. It is related to the poloidal current functiénin  gischarges [21], [18].

(5) by In Fig. 1, we show, in a surface of sectipn= 0, magnetic
> 2yt surfaces for the equilibrium field. The magnetic surfaces are
- e L+ (1- B+ 1) <IP_R{J> Z nested tori, and we may see a Shafranov shift of the magnetic

- o P\ La axis (which is a degenerate zero-volume torusl#g) with

J=vtl respect to the geometric axis at the origin @t = Ry),

j which appears due to the toroidal geometry [2]. Since the
. _< — _> (19) zeroth- and first-order results practically coincide, we will
use in this work only the zeroth-order flu¥,(r). Fig. 2
presents radial profiles for the poloidal [Fig. 2(a)] and toroidal
which givesI ~ —1I.. /2 for large aspect ratio. [Fig. 2(b)] equilibrium field components, using the same
Magnetic field lines of the equilibrium field spiral on mag-parameters as in Fig. 1, as well the corresponding safety factor
netic surfacesl,, = const. Their helical paths are describegarabolic profile [Fig. 2(c)]. The poloidal field component is
by the so-callecsafety factorg = ¢(r¢, 6;), that gives the av- roughly symmetric with respect to the geometric axis, and the
erage poloidal angle swept by the field line after one completerresponding asymmetry factdr(«) is not very large. The
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Fig. 2. Radial profiles for: (a) normalized poloidal equilibrium field; (b) normalized toroidal equilibrium field; (c) safety factor of a tokantek.we show
both the zeroth-(dashed line) and first-order (full line) results. Tokamak parameters are the same as in Fig. 1.

toroidal component is stronger in the internal part of the torudye to the behavior of the toroidal field component, which is
since the coils that generate it are more densely packed thesteonger in the inner part of the torus [see Fig. 2(b)].

Fig. 2(c) shows two safety factor profiles, calculated by taking Hence, we use a winding law to best emulate the actual paths
into account or neglecting first order corrections. Both havellowed by magnetic field lines, introducing a tunable param-
considered the toroidal geometry; the difference is noticeatdeer A, such that the variable

girélglgiéhrsepr:isma edge and results in a slight magnetic surface ws = mo(f; + A sin ;) — now: (24)

is constant along a given helical winding [28]. We consider a
lll. PERTURBING MAGNETIC FIELD DUE TO RESONANT pair of RHWs, located at; = 0 andu; = , respectively. In
HELICAL WINDINGS the next section we will see how to choose an appropriate value

. . o - fﬁ)r A, taken into account the resonant perturbation to be excited.
Ithas been conjectured that disruptive instabilities may resultg; .o the penetration time of the metallic tokamak wall is

Irom topologigal changes in the magnbetic sugface Wi;h saf&léry short (tens of microseconds for typical millisecond plasma
actorg = 2 : 1[17]. An RHW may be used to produce adischarges), we will neglect its role in the obtention of the mag-

resonant external perturbation with suitably chosen mode NURXtic field B,, generated by an RHW, described by the singular
bers, in order to investigate the onset of this instability and h%rface current density

it could be controlled. The use of RHW with other mode num- 7
bers may control topological changes on other rational magnetiCJh(Tt, 6,) = /h 8(ry — b)[6(us) — 8(uy — ™)),  (25)
surfaces, like those with = 3 : 2 [16] andg = 4 : 1 [21]. o't

In Fig. 3, we present a scheme for an RHW with mode nurhereé,, is the basis vector corresponding to the angle given
bersmg = 4 andny = 1, consisting of a pair of thin wires by (24) (see Fig. 3). The boundary condition to be applied at the
conducting a current, (in opposite senses for each conductoryyvall 7, = b, is

wound around the tokamak wallat= b;. A (4, 1) helical coil et int e

closes on itself after four turns along the toroidal direction and B," - B, = —uo/ dry, x Iy, (26)

one turn along the poloidal direction. The design of an RH\(M ‘
needs to take into account the effects of the toroidal geometry.

While in a cylindrical approximation the helical pitch is con- dr. — <

. —1
1-27% cos 9t> dreél. 27)

stant, adding toroidicity we find that the pitch is not uniform Ry
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Fig. 3. Scheme of a pair of resonant helical windings With,, 7o) = (4, 1) in a tokamak.

Neglecting the plasma response to the field generated bysanthat, up to first-order terms, the scalar potential is given by
RHW, it may be considered a vacuum field, so that it is givethie following coupled system of partial differential equations

by By, = V&), where®,; = ®,/(r, 6, ¢1) IS @ magnetic L (@(0)) -0 (34)
scalar potential satisfying Laplace equation. In the polar toroidal O\FMm ) =5
coordinate system used here it reads
, Lo (@}?) =L (cp}?) . (35)
5 10 ([ 00y 1 070y Ty . .
Vody = o\ o, + 2 o2\ &, The general solution of (34) is known to be [37]
2 0 0
e [p 20, 2 28] W0 00= 3 3 A
or; e Ory N=1k=—o0
i 1 90 2 82<I>M i[(Nmo+k)0,—Nngpy]
_ 9 - YEM s Y EM e 0 t 0¥ 36
s O Lg 26, T aetarj } (30)
, where
1 oy | Nrmo+k|
— =0 (28) pime for0<p<1,
2 2 Fnox = 37
R? Oy ~,x(p) {pll\’mo+k| for p> 1. (37)

which may be formally written as an expansion in powers ofthe . .
inverse aspect ratit, / R, Applying the boundary condition (26) it turns out that the lowest

order term is given by

b b\’ :
EO(‘I)M)‘f‘(R#%) El(q)lw)‘f‘(R—%) Lo(@ar)+-- =0 (29) ‘1’5\?“9(7&7 Ot ©t)
where we defined the differential operators _iodn = = Je(Nmod) (1 £V mo-+hl
o[ o\ o BT 1\2—:1 k; — v
50()Epa—<08—>+w (30) T
14 14 t . ei[(l\fnzg+k)0,—l\fn,0<,cf] (38)
2
Li()=—p {cos 0, |:2p2 % +3p 83} for both internal (upper signal) and external (lower signal) re-
p p

gions, andJ(z) is the Bessel function cfth order. Since the
) 8 2 expansion coefficients fall down rapidly to zerossncreases,
— sin 6, [a_gt +2p m} } (31) only the N = 1termis relevant in (38). By a similar reason, we
conclude that if suffices to consider only those terms for which

Ly() =p? LA (32) |kl < mo inthe second summation. With such simplifications,
dp; the scalar potential produced by an RHW is
with p= 7)t/bt- ) I +mo r +(mo+k)
Likewise, we may expand the magnetic scalar potential as @) “(rs, 6, ¢1) = JF% > J(mod) <—1>
t

k=—myg

2
) be \ 20 be @, ‘
Dy = (I)J\l + <R6> (I)J\l + <R6> (I)J\l + (33) ) 6,[(,,,04_1“)9,_”0%1 (39)
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The second coupled equation (35) is nonhomogeneous, so | 30
its solution may be written as
(I)(l) (I)(P) <I>(h) 40 20 - @
M M ( )
where a particular solution is ‘o /
i, e IL — i, e . i(k —_
@5\1}) e _ uo j Z (Cgcp) , ,pi(mo+k)+1ez(k:p1)0,> = -
s g oo
k=—myg '_‘; _/
m
B e—img)\ sin 6y eiut (41) -10
whose coefficients are
ie 2(mo 4+ k) £1 e |
AP = I (mo)) %. (42)
On the other hand, the general solution of the correspondi % 157 a1 an 628
homogeneous equation is 8,
mo 25 T T T
h +) o+ k136, | (=) (= i(k—1)6; : *
(1)5\4): Z (ci )_7:’5 )(p)e (k+1)6 +C§€ )}"}E )(p)e (k 1)(-))
k=—myg (b)
‘ . ‘ 2oy /]
. e—zrng)\ sin 8 ot (43) ’
where T st /
ImatkEll - for0 < p < 1 e
F =97 U CZ R /
p |mo+k:|:1|’ forp > 1. %@‘: 1ol ) Py
The coeﬁicientScECi) are obtained by using (26) again, anc //
solving a system of algebraic equation, resulting in s -
i, e IL k—1 e //
et [fmo £k =1) ] o) -
2mri |mo + &k + 1|
0.0 - .
(mo + k) 0.0 02 0.4 0.6 08 1.0
- Ji A 45 r/a
Imo + & + 1] k(o) (45)
] Fig. 4. Radial component of an RHW with, /I, = 0.003, (mq, ng) =
e _ _NOI’L (mo+k+1) +1 (10)Z (4, 1), and\ = 0, 4826. (a) Poloidal profile, with,/a = 0.91;0(b) ?adial
K 2mi | + & — 1| profile, with 8, = 5 /4.
mo + k
ﬁ Jk(mo)\)} - (46) shafranov shift such that the magnetic axis coincides with the

/
Combining the zeroth- and first-order solutions in (29), we m agleometnc m"zgrEXIOS{)RSOTh;EOt)heaESHLZT \Z‘:\;\(ﬂz&; Z?r\rllvpi/

rite the contravariant components of the magnetic field ener- niform pitch
\;\{teld by an RHV\\// ! P gnetictield g Uy — mobf — noew. In this limit, (47)—(49) reduce to those ob-

tained in early works [38].

Bl — 8@5\3) +< by ) g (q)(p)Jrq)(h)) 8@_5\04) cos 0 In Fig. 4(a), we show a poloidal profile of the radial compo-
L™ R, J\or, bt Iry " nent of the field generated by an RHW wiitrg, ng) = (4, 1),
(In/I,) = 0.003, A = 0.4826, and at a fixed radial position
1 8@53) . r/a = 0.911. Other parameters are the same as those used
b 09, ¢ 01 (47) in'Fig. 1. We note that the poloidal perturbing field in the in-
ternal region (lowd,) is smaller than in the external region due
, 1 aq)g&) b, 1 8 ®) ) to the effect of the toroidal curvature on the pitch of the RHW.
h= 3 + <_/) 2 a1 (‘I’ TP ) Fig. 4(b) shows a radial profile of the poloidally averaged radial
ry 06, Ry )|y 06, I .
component, for similar parameters. It falls down rapidly when
1 (9@5\3) _ the radius decreases, so that only the plasma edge region is ex-
% or, Sn 0 (48)  pected to be noticeably affected by the perturbing helical field.
B} =0 (49) V. FIELD LINE MAPPING FOR ATOKAMAK WITH RESONANT

in which we retained first order powers of the inverse aspect HELICAL WINDINGS

ratio b, / R},. Notice, however, that the zeroth order term already A field line mapping is obtained by following the paths of a
contains toroidal effects, sineg depends on both andé [see given number of magnetic field lines and registering their in-
(89)]. It is useful to compare this result with that obtained itersections with a specifielp = const) surface of section.
the limit of cylindrical geometry. In this case, we neglect thelence, it is a “time”2x« stroboscopic sampling of the flow. The
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solenoidal character of the magnetic field implies that the ma &2 ; ‘ ==
netic flux through any closed curve on this plane must be co
served, so that the field line mapping must be symplectic, - i
area-preserving. In some cases, it turns to be possible to del ]
an analytical form of the map equations, as we will see in tt
next section for a CML. However, more often we have to solv

numerically the magnetic field line equatiofB, + B;,) x

d/ = 0, which is a very time-consuming computational task
and poses a difficulty when one is investigating the long ter ‘ ;
behavior of field lines, for studies of diffusivity and loss due tc T

collisions with the tokamak wall.

In this section, we will obtain such a map for the case of
tokamak with RHW, using the model fields of the two precedin
sections. Initially, however, we will show how to compute the
parameter\ that appear in the winding law (24) of an RHW. )
Using (20) and (22), the field line equations in the unperturbe -

(equilibrium) configuration are
dry
dp:
L[,
dor  qe(re)

=0

2? cos 9,} .

Denoting the initial conditions ag{”, 6”, () =

(50)

(51)

0), these

equations may be integrated to give, for arbitrﬁrﬁ wr < 27,

the following relations:
ri(epr) = 71(0)

1
Q 7}(0) sin<
( ) a(r”)

0:(p1) =2 arctan

(52)

e 9<o>)>

where

1
1—|—Cos< ©) (pt-|-1"((0) 9(0))
a(ry )

(53)

1/2 ry —1/2
Q(ry) = <1—2ﬁ> <1+2ﬁ> (54)

sin 6

(7, 6;) =2 arctan [Q(l ) <1 + cos 9t>:| -9

This exact solution of the unperturbed case enables us to cdiffvided we are far from marginal equilibrium states. The field
pare the actual path of a field line at equilibrium with the pathne equations in the presence of perturbation are now written in
followed by a constant pitch helix, in whiclug8, — noe: =

constant (Fig. 5). The difference between these paths is due to dry
the toroidal geometry effect. Since one is interested in the res-
onant effects, the design of an RHW should reflect the actual
path of the field lines, so we have to include this effect in the
corresponding winding law. This is accomplished by defining

another poloidal angle, as done by Boozer [32]

— 1 /et Bg(Tt? et) da
~qlre) Jo o B3(re, 0r)

19(7&7 9t)

1/2
(g 2\ 12 o o
B - R_6 0 1—2T—tC089
R/

9 arcta 1 sin 6,
= arctan
Q(ry) \1+4cos b,

0

(56)
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Fig. 5. Equilibrium magnetic field line path on a rational magnetic surface
with ¢ = 4 : 1. The straight dashed lines correspond to a helix of constant
pitch.

which makes it possible to rewrite the winding law in the form
mo¥(rs, 0:) — noyy = constant. Expanding (56) in Fourier se-
ries, and retaining only the lowest-order nonvanishing correc-
tion, we have for this new poloidal angle

29(9t) = 9t + A sin 9t (57)
where

ry 2 2(2k + 1)! 2k41
(o)) () e

which gives the winding Iaw (24) with the appropriate value of
A. In our case, since we are interested in obtaining a resonant
effect on the rational magnetic surface wijtk- 4 : 1, we need
an RHW with(my, no) = (4, 1). This leads to\ = 0.4827, as
it was already used in Fig. 4.

We will consider the action of an RHW as a superposition
of the equilibrium (6)—(8) and perturbing fields (47)—(49), ne-
glecting the plasma response. This approximation works well,

the form

B}(n,ﬁt, <Pt)
=gz 59
d¢f Bg(Th 917 (Pf) ( )
do, BO(H, 91, )+ Bh(7h 6, <Pf) (60)

d% (H, Br, o1)
Unlike the unperturbed case, we can not find an analytical
solution for this set of differential equations, and we have to use
numerical integration (Bulirsch—Stoer method with Richardson
extrapolation [39]). We begin with a single initial condition
(69, = 0). Any time a field line passes through the

¢ = 0 plane, we record the coordinates, 6;) of the point and
repeat this process a large number of times, which generates an
orbit, or trajectory, in the dynamical systems language. Next,
we choose another initial condition, generate a new orbit, and
SO on.
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r./a

r./a |

1

r/a

r/a

(b) (b)

Fig. 6. Phase portrait, in polar toroidal coordinates, of field lines for an RHWig. 7. Phase portrait, in polar toroidal coordinates, of field lines for an RHW
with (mg, 7o) = (4, 1), I,/I, = 0.001, and: (@ = 0.4827; (b) A = 0. with (mg, 7o) = (4, 1), 1., /I, = 0.003, and: (@A = 0.4827;(b) A = 0.

In Fig. 6(a), we present a phase portrait ofrag, no) = 4:1 one, but there are some differences. First, the islands’
(4, 1) RHW in which the current is 0.1% of the total plasmavidths have increased. In fact, by application of a Hamiltonian
current, and\ = 0.4827, as given by (58). The Poincaré secperturbation theory, one finds that these widths increase as
tion at = 0 was deformed to a rectangular shape for the sa(q-i;b)l/2 [30]. Secondly, in the region near to the island sepa-
of clarity. We can identify many magnetic island chains over thatrix, there are thin area-filling portions where the field lines
depicted portion of the plasma column (in fact, Hamiltonian dyare chaotic. Both facts are explained by standard results of
namics ensures that there is an infinite number of these chaiHamiltonian dynamics, like the KAM and Poincaré—Birkhoff
centered at all rational magnetic surfaces [22]). The main islatiteorems.
to be excited by the RHW is centered at a former magnetic sur-The fate of a magnetic surface, after the application of a
face with safety factor equal to= 4 : 1, consistently with the small perturbation, is basically determined by its safety factor
mode numbers here chosen. Other noticeable islands have safetyhich is the inverse of the winding number of the trajectories
factors 5:1, 3:1 and 2: 1, for example. In order to see the éfing on the surface [4]. lfy is an irrational number, and if
fect of the A parameter on the field line structure, we show itthe perturbation is weak enough, the celebrated KAM theorem
Fig. 6(b) the same phase portrait, but with= 0. It is apparent states that most of these surfaces will survive, even though with
that the number of sizeable island chains has been reducedome deformation [22]. This is clearly seen in the remaining
this case. In particular, the 2 : 1 aBd1 islands have their widths surfaces that separate neighbor island chains, as in Fig. 6(a).
dramatically decreased. Hence, the use of a winding law suchNaw, if ¢ is a rational number, as the 4 : 1 chain just mentioned,
(24) enhances the resonant effect produced by an RHW.  the Poincaré—Birkhoff theorem says that the corresponding

The RHW current in Fig. 7(a) has been increased to 0.3% @irface will disappear, leaving an even number of fixed points,
the plasma current and Fig. 7(b) is the corresponding case withif of them stable and half unstable. The stable (or elliptic)
vanishingA. We still see many island chains besides the mapoints are the centers of the islands, whereas the unstable (or
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hyperbolic) points are at the crossings of their separatrice

- . .~ Ergodic M i Ro
However, after the application of a nonsymmetric perturbatio 1iooes Jognetie L1,
it may be proven that these separatrices will intercept ea

other an infinite number of times (homoclinic crossings

forming a region of chaotic dynamics there, in the sense tr I — —
the corresponding Lyapunov exponent is positive [40]. — o _____ ]
In Fig. 6(b), we may already see such a region of limite Rt ] = I | b

chaotic motion in the neighborhood of the separatrices of tl
4:1 island chain. The other chains have their own chaotic r
gions, but they are not so evident, either due to their small widt
or the initial conditions used in the phase portrait failed to gel Geometric axis

erate an orbit in the chaotic region. As long as the perturbati

is small enough, however, these locally chaotic regions are s current feed points

arated from each other by surviving magnetic surfaces, and ! %

radial excursion of field lines is naturally limited by them. Or

the other hand, as the perturbation strength increases, the @ D}“Ins‘ﬂators

lands’ widths also increase, and the surviving surfaces are p Conductor 5&

gressively engulfed by locally chaotic regions belonging to a..

J.acent !Sland Cha.lns’ as |IIus_trated m. Fig. 7(2) and (b). The alg_. 8. Scheme of a chaotic magnetic limiter in a tokamak. In detail, we show
jacent island chains over a given region may be so large that p};&design of a single ring.

entire region around them is filled with chaotic field lines. This

eventually leads to a globally chaotic region where Iarge-scq_lfeere only the lowest order solution is necessary, since for a

(bation srength,oven the ellipic points i the ilande senegd/ Yih smallengint, one may neglect all toroida efects
gin., ptic p the field it generates. From (41) and (43), we have that the

. i, . . . on
may lose their stability and bifurcate, generating other pemd\?%ctor potential component of interest is

orbits.
V. FIELD LINE MAPPING DUE TO A CHAOTIC polL R Tmo o\ Ot
MAGNETIC LIMITER Aps(re, O, 1) = ———— ) > J(mo) ™
C=—"0
The nonsymmetric character of the magnetic field generated . eillmotk)8, —noed] (61)

by an RHW is due to the toroidal effect on the former helical
symmetry. This breaks the integrability (in the Hamiltonian
sense) of the equilibrium configuration, thus leading to all tH&om which the CML contravariant field components are given
consequences mentioned in the last section, the most importdt

to us being the generation of chaotic field lines. Remember that,

from the point of view of reducing plasma-wall interactions, it Bl =— 1 0Ars (62)
would be useful to create such a chaotic region in the peripheral Ryre 06,
region of the plasma column. In principle, this is feasible by ) 1 9Ars
using an RHW with appropriate values(f., n,), asthe 4: 1 By = Rir o, (63)

case here studied. However, the mounting of such windings on

a tokamaks is sometimes difficult, because of the large NUMbBRy the model field will be the superposition between the equi-
of windows for diagnostic purposes along the tokamak wa||prium and limiter fieldsB = B, + B;.

This has led to the concept of a CML [27]. The magnetic field line equations (20) are, thus
The CML design consists of one or more slices of an RHW
with adequate mode numbers, located in suitable positions along dr, 1 r 9
the torus. Hence, a CML is quite different from an RHW, in the d—% = ~Br <1 -2 R %8 9t> a6,
sense that in the former the perturbing field will break the ax- 0
isymmetry due to an explicit-dependence. On the other hand, [Wpo(re) + Ara(re, 01, 1)) (64)
for some ergodic divertors th&@symmetry is broken by coils d6, 1 r 9
wound around the torus over a limited poloidal range 6. < d—@ = By <1 -2 Rﬁg COos 9t> %

6 < 7 — 8. [5]. In the following, we will consider a CML with
N, current rings located symmetrically along the toroidal cir- [Wpo(re) + Ars(re, 6:, @1)] (65)
cumference of the tokamak, each of them being a slice of length

£ of an RHW with mode numbei@ng, ng), and a winding law whereBr = pol. /27 R} is the toroidal magnetic field on the
given by (24) (Fig. 8). Ignoring, at first, the finite extension ofmagnetic axis.

the CML rings, the magnetic fielB ;, produced by such a con- In order to use a Hamiltonian formulation for the field line
figuration was already derived in Section Ill. Here, it is convelow, we shall define canonical action and angle variables. The
nient to express it using the vector potentl;, = V x A;. canonical angle will be thé-variable defined in (56), whereas
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its conjugate action will be defined in terms of the normalizedhere the dimensionless perturbation parameter is
toroidal magnetic flux
L 1, (74)
€= 2| — ).

1 72 1/2 2rR, ) 1
j(¢>t):72/Bo.dagz—1— 1-4—% ) ) .
2r R By 4 Ry One should note, however, that there is no rigorous derivation
(66) of the map (71)—(73) from the Hamiltonian function (70) be-

cause the integration along the delta functions is not well de-
wheredos = Ryry dr, df,é. Note that7(r,) > 0 for any fined. A general perturbative procedure of construction of sym-
r; > 0. Expanding this action in powers of the aspect ratio giveglectic maps for Hamiltonian systems of the type (70) has been
for the lowest order, the variabtg¢ /2 used in related works [30]. recently developed [44], [12].

The time-like variable will be the ignorable coordinate: ;. Combining the perturbing field (61) with the limiter Hamil-
The field line equations (59) and (60) may be cast in a cananian (70) results as
ical form [3] 3mo
dJ oH j 19 t Z H.., 7 z[rn'@t(J, ¥)—not] (75)
Y 67 m’ t
dt o9 ( ) m’/=0
d9 _OH (68) With coefficients given by
dt 8T m
with the Hamiltonian Hypo (1) = = —ma (Mo \) <;_t> (76)
t
H(k77 07 t) :HO(k7) + H1(~77 07 t) . . . . .
1 1 andr(J) is obtained by inverting (66). It is useful to expand
=—— U 0(J) + ——5 Ars(J, 9, t). in a Fourier series the perturbing Hamiltonian in action-angle
Brhy Brhy variables
(69) 2myg
However, it turns out that the length of each limiter rifdgs (T, 9, 1) Z H (T =mon) (77)
just a small fraction of the toroidal circumferen2eRy,. If ¢ n=0

is small enough, we can model the CML effect as a sequengiere the corresponding coefficients are
of delta-functions centered at each ring position [29]. So, we

2myg

suppose the following Hamiltonian of the tokamak with a CML H(T) = Z H,,(r, (J) (78)
Hi (T, ¥ H, CH(T. 0, s(t—k =0
(T, 9, 8) = 0(‘7)+R (T, 9, ) k_z_:oo <t a) in which we defined
(70) rn+rn m n
. Srn m (j) = < j Z (077%
whereH, and H; are the same as in (69). (J) —=

Unlike the RHW case previously studied, the impulsive char- o
acter of the perturbation enables us to analytically obtain a field (m, m) < 1(J) ) (79)
line map. In this work, we will ensure the symplectic nature of
the map by using explicit canonical action-angle variables. Ag;ip,
cordingly, we define7,, and¥,, as the action and angle vari-

ables, respectively, at theth crossing of a field line with the a(d)=1- (80)
planeg;, = t, = 27xk/N,, withk = 0,1,2,...,N, — 1 Q(re(J))
[41]. Viana and Caldas have used local coordinates to derive () =1+ 1 81)
such a map [42], which was later improved by Ullmann and 2 Q(re(T))
Caldas by the use of a generating function [43], since the map ,
(Tn, 95) — (JTn+1, 9n41) may be regarded as a canonical an(m, m’)
transformation. (1, if m =0andn =0
Integrating the Hamilton equations (67) and (68) for the m, if m=1andn=0
CML, Hamiltonian (70) gives the following area-preserving orn=1
mapping for the near-integrable system = (m+m/ —n—1)! _
oH, m’ (=) —n)nl’ if m > 1andn < m/
jn-i—l :jn — € < ) (jn-i—la ny tn) (71) ) o i
a9 L 0, if m > 1andn > m/
82
29n+1 —9, + 27 te <8H1> (jn+1, ) tn) ( )
Noa(Tt1) NS andQ(r,) is given by (54).

(72)  Fig. 9(a) shows a phase portrait of the map (71)—(73) for a
27 CML with N, = 4 currentrings, each of them with being a slice
tnpr =tn + N, (73) " of an RHW with (mg, no) = (4, 1) andA = 0.4827, carrying
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(b)

(b)
. o . . ) . _Fig. 10. Phase portrait, in canonical coordinates, of field lines for a CML with
Fig. 9. Phase portrait, in canonical coordinates, of field lines for a CML wit;™ _ 4 fings, (mo, o) = (4, 1), I,,/I, = 0.0025, and: @)\ = 0.4827;
“¥a — , ) 1 - Ll , 2 P — . 2y . - . ,

N, = 4rings,(mq, ng) = (4, 1), A = 0.4827, and: (a)l,./I, = 0.0010; () A = 0.
(b) I, /I, = 0.0015.

It turns out that there is another and cheaper way to make the
c?}qotic region touch the inner wall, namely to setup= 0.
M this case, with the same current as before, the chaotic region
island chain at7 = 0.027, which corresponds to a normalizeorea.Ches t_he_ wall [Fig. 10(b)]. Hence,_a nonzénwould require.
. . A : a higher limiter current for the operation of a CML. The positive
radiusr;/a =~ 0.9. This means that this island chain, and th . . : . :
eature of choosing an appropriateZ 0 is to obtain a chaotic

corresponding local chaotic region around its separatrix, is 10-_. . . .
. region that is concentrated around a main resonance (the 4:1
cated near the plasma edge. These main islands are surroun . . . . : o

. ! . . . One, in our case), but for a wide peripheric chaotic region it
by satellite chains witly = 3 : 1 andqg = 5 : 1, which appear

due to the toroidicity effect. would be preferable to use = 0.

The CML current has been raised to 1.5% of the plasma cur-
rentin Fig. 9(b), showing that, for this higher limiter current, the
4:1 and 5:1 chains have already patrtially overlapped, fusingSince chaotic dynamics in general implies both irregular be-
their chaotic regions into a large-scale chaotic layer that exterfds/ior and loss of predictability for large times, it would be a
over a larger peripheral portion of the plasma column. In botlad feature of real systems and much effort could be necessary
cases, the chaotic region, although comprising the plasma etlyavoid, or at least control it. However, chaotic dynamics, if
region, does not reach the tokamak wall, due to the existermeperly used, may be a useful tool in plasma fusion machines.
of many surviving magnetic surfaces in between. If we increa¥ée have explored in this paper two aspects of this idea. In the
further the limiter current, the chaotic region will become evesituations investigated in this paper, chaotic magnetic field line
more pronounced, as we illustrate in Fig. 10(a) fprequal to behavior is generated by nonsymmetric magnetostatic perturba-
2.5% of I, but it still does not reach the wall. tions applied on the tokamak equilibrium field. We have consid-

a current of 1.0% of the plasma currdpt The tokamak equi-
librium parameters are the same as in the case of RHW, as ¢
sidered in the previous sections. We see again a main : 1

VI. CONCLUSION
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ered a tokamak equilibrium model magnetic field which is quit 025 ‘ — I ‘
realistic in the sense that it uses the following: | '

1) proper geometry (polar toroidal coordinates); ;
2) self-consistent treatment for the equilibrium magnet
field (it is obtained by solving an equilibrium MHD h I
equation);
3) plasma current profile that is compatible with results ¢ 0.05 -
tokamak experiments. Z(m)

The first type of nonsymmetric perturbation we study is du
to RHW, whose main goal is to create a region of chaotic fie -0.05 -

6;=0,00

lines in the plasma column, with the purpose of studying min ¥ ‘
disruptive instabilities. The magnetic field generated by RH\ " \
was analytically obtained through solving Laplace equation -0.15 a
polar toroidal coordinates. A distinctive characteristic of ot )
model is the presence of a winding law for RHW, which re : o \
produces the actual paths of equilibrium field lines and gives . Y —— . R
. 0.00 0.10 0.20 0.30 0.40 0.50

enhanced resonant effect. Our results were shown in the fc R (m)
of a field line map obtained by numerical integration of the cor-
responding equations. Furthermore, it is possible to obtain,Fig. 11. Coordinate surfaces of the polar toroidal coordinate system, at a
terms of action-angle variables, a Hamiltonian formalism b = © section.
considering lowest order terms only. the torus,R is the radial distance from this axis, apds the

The second perturbation type is due to a CML, which consisigimuthal angle (see Fig. 1). The local coordindte®, ) are
of external current rings, designed so as to create a chaotic figdthted to these variables by the following:
line region in the peripheral region of the plasma column, with R=R )

. . . . =Rg—1rcos 6

the purpose of controlling plasma-wall interactions. The field

line Hamiltonian for this system was obtained by supposing a Z =7 ¢inf

sequence of delta-function pulses, and the map was analytically

determined. It satisfies the necessary conditions described by ¢ = (83)
Balescu [4] for a consistent description of field line behavior: TJhe toroidal coordinate, w, ¢) are defined as [47]

it is a symplectic map in the sense that the Hamiltonian structure ! sinh ¢

of the field line equations is reflected in the map, since it is = cosh £ —cos w

written in terms of action-angle variables; and 2) itis compatible

with toroidal geometry, since our action variabfeis always a _ Ry sin w

nonnegative number, i.e., a field line starting on the magnetic cosh § — cos w

axis may either remain on the axis or move to a positie p=¢ (84)

but never to a negativg. We remark that the second condition

is not fulfilled by the Chirikov—Taylor standard map [40], for'" SUCh_ away that the c'gordinat(? su.rfaces on Wlﬁie_h consF_
example. are tori with minor radiie = R/sinh &, and major radii

A similar procedure was followed by Abdullaet al.to ob- Ry coth €. _ _ N
tain a symplectic map that describes the dynamics of an ergodid "€ Polar toroidal coordinatds:, ¢, ¢;) may be defined in
divertor in a toroidal system [12]. Our map for CML has proveHf™Ms Of the toroidal coordinates by the following [34]:

to be useful to study problems that need long term integration of
field line equations, like diffusion and bifurcation effects [45].
We have shown that an adequate choice of CML parameters may

/
Ty = —RO
" cosh & —cos w

0 =7m—w

create this chaotic region in the plasma edge region. When a
chaotic field line escapes from the plasma region and enters the Pt =. (85)

vacuum region that surrounds the plasma, it will eventually cOthe,., — const. curves have a pronounced curvature in the inte-
lide with the wall, resulting in a loss of field lines. A detailedjor region of the torus, from where we start counting poloidal
study of field line diffusion in the plasma edge, and the queg, ) angles. In Fig. 11, we depict some coordinate surfaces of
tion of how field lines are lost due to collisions, is addressed ;g system.

another paper to be published elsewhere [46]. The contravariant basis vectors are

a1 Tt . ~ . ~
é" = —— (sinh £é¢ + sin 6,é,,
APPENDIX Ry ( ¢ tb)
Here, we describe the polar toroidal coordinate system used 82— _iéw
in this paper to describe both equilibrium and perturbing fields. Tt
A cylindrical system(R, Z, ¢) may be used to describe the 3 1 . (86)
cC  =———F—FF¢C

tokamak, in which the symmetryZ)) axis is the major axis of
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and the contravariant metric tensor elements are

g 1
gn:l—Z%() cos 0y, ngIQQIIF()Sinet
B =g =0 922:i gB=g2=0 33:i

’ 7}2’ ’ RQ’

(87)
where
2 7 r\’
t t .

RP=Rj|1-2 <F6) cos 6, — <R_6) sin? 6, (88)
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